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1. INTRODUCTION: THE LEGENDRE FAMILY AND THE PICARD-FUCHS EQUATIONS

Let L ↪−→ P2
C ×C P1

C → P1
C − {0, 1,∞} be the Legendre family of elliptic curves, defined by the equation

Y 2Z = X(X − Z)(X − λZ)

with X,Y, Z the homogeneous coordinates on P2
C and λ the coordinate on Y = P1

C − {0, 1,∞} = C− {0, 1}. For
each value of λ, the fiber Lλ is a particular elliptic curve, i.e. a Riemann surface with genus 1, with Weierstrass equation
y2 = x(x− 1)(x− λ). The fiber admits a unique, up to scaling, global holomorphic 1-form, the “invariant differential”
ω(λ) = dx/y. These all arise from a unique global section ω of Ω1

L/Y also written as dx/y. Classically, one writes

ω(λ) =
dx√

x(x− 1)(x− λ)

On the other hand, the genus-1 curve Lλ has a 2-dimensional degree-1 (C∞) de Rham cohomology group, and
Hodge theory gives us a decomposition

H1
dR(Lλ,C) ' H0(Lλ,Ω1

Lλ/C)⊕H0(Lλ,Ω1
Lλ/C) = Cω(λ)⊕Cω(λ)

Indeed, singular cohomology is the dual of homology, and the first homology of Lλ, H1(Lλ,C) ' C⊕2, is generated
by the classes α, β of two loops in Lλ. The de Rham comparison theorem tells us that singular cohomology and (C∞)
de Rham cohomology of Lλ are isomorphic, and the isomorphism is given by the mapˆ

: H1
dR(Lλ/C)→ H1(Lλ,C) = HomC(H1(Lλ,C),C)

sending η to the map γ 7→
´
γ
η ∈ HomC(H1(Lλ,C),C). (By Stokes’ Theorem, since η is closed this integral only

depends on the homology class of γ). Classically, the integrals of closed differential forms along closed curves are
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called periods, and we can think of the de Rham comparison isomorphism as sending a smooth differential form η to its
periods (

´
α
η,
´
β
η).

In the C∞ category, f : L → C − {0, 1} is a locally trivial fibration: for a small disc U around any point
λ0 ∈ C − {0, 1}, L|U ' Lλ0 × U over U as smooth manifolds. In particular, by homotopy invariance of singular
homology, we have specialization isomorphisms H1(Lλ0 ,C) ' H1(L|U ,C) ' H1(Lλ,C) for λ ∈ U . For any
γ ∈ H1(Lλ0

,C) we thereby obtain an associated γ(λ) ∈ H1(Lλ,C). In more sophisticated language upon dualizing
this, R1f∗(C) is a locally constant sheaf on Y whose λ-fiber is naturally identified with H1(Lλ,C).

Integration against γ(λ) for varying λ allows us to define periods

P (λ) ∈ H1(Lλ0
,C) by γ 7→

ˆ
γ(λ)

ω(λ).

We call P : U → H1(Lλ0 ,C) the period map. This measures how the line of holomorphic 1-forms varies inside the
“locally constant” 2-dimensional fibral de Rham cohomology as λ varies in U . More precisely, f∗(Ω1

L/Y ) = OY ω is a
(trivial) holomorphic line bundle on Y and as a special case of later discussions (in much wider generality for proper
submersions of complex manifolds) it is a line subbundle of the rank-2 holomorphic vector bundle OY ⊗C R1f∗(C)
in a manner that recovers ω(λ) 7→ P (λ) on the fiber at each λ 6= 0, 1,∞; this explains conceptually (i.e., without
explicitly computing P ) why P is holomorphic.

Since P is holomorphic and valued in a finite-dimensional C-vector space, we can define “derivatives”

∇(n)
λ ω :=

∂n

∂λn
P

which are also holomorphic functions U → H1(Lλ0 ,C). Inside the 2-dimensional space H1(Lλ0 ,C) it turns out that
the line of holomorphic 1-forms arising from Lλ truly varies with λ ∈ U in the sense that P (λ) and P ′(λ) are linearly
independent. In particular, P ′′(λ) is uniquely a linear combination in this basis, or equivalently

P ′′(λ) + g(λ)P ′(λ) + h(λ)P (λ) = 0.

The holomorphicity of P ensures that such g and h are holomorphic. In fact, such g and h were computed explicitly in
the 19th century as the (hypergeometric) Picard-Fuchs equation

∂2

∂λ2
P +

2λ− 1

λ(λ− 1)

∂

∂λ
P +

1

4λ(λ− 1)
P = 0 (1.1)

(see [18] for a computation using algebraic techniques). The study of the properties of its solutions was a topic of much
classical interest. Notably, although this differential equation was constructed via analytic methods, the coefficients are
rational functions! The general theory developed in these notes explains why this is no coincidence. Since P is valued
in a 2-dimensional C-vector space, it is really encoding a pair of C-valued solutions to the Picard–Fuchs equation.

Any locally constant sheaf on Y becomes constant on the universal cover H → C − {0, 1}, so we can define a
global period map P̃ : H→ H1(Lλ0

,C) (no path homotopy ambiguity on H). Explicitly, this cover sends τ ∈ H to
the modular λ-function λ(τ), and determines an isomorphism H/Γ(2)

∼−→ C− {0, 1}. The global period map does
not descend to a map on all of C − {0, 1} due to the presence of monodromy (i.e., if we try to extend it by analytic
continuation from U , we run into well-definedness problems depending on what route we choose from U to elsewhere
in C− {0, 1}).

The study of the monodromy of the pair P of local C-valued holomorphic solutions to the 2nd-order Picard-Fuchs
linear differential equation on C− {0, 1} corresponds exactly to how the holomorphic vector-valued P̃ on H interacts
with the action of the congruence subgroup Γ(2). Moreover, with a convenient choice of λ0 and basis for H1(Lλ0

,C),
it can be arranged that P̃ (τ) = (1,±τ) (as can be shown by explicitly evaluating period integrals of the elliptic curve
Lλ(τ) written as the quotient of C by the lattice 〈1, τ〉), so the monodromy of P is literally Γ(2) ⊆ SL2(Z) ⊆ GL2(C).
This phenomenon was a motivating example in the early study of modular forms.

2. OVERVIEW

In these notes, we develop a general theory of the relative de Rham cohomology of a smooth family of algebraic
varieties. In particular, we show how to extend the notion of a “locally constant cohomology class”, which allow us
to define monodromy representations and period maps. This will generalize the story of the Picard-Fuchs equations
associated to the Legendre family of elliptic curves. At first, we will work in the setting of complex-analytic manifolds,
which will give us access to tools such as singular cohomology and local existence theory for differential equations.
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However, for arithmetic applications, it is necessary to connect the complex-analytic theory with an analogous p-
adic theory of period maps. To do this, we will develop an algebraic theory which will allow translation between
complex-analytic and p-adic settings.

Let K be a number field and X → Y a smooth proper morphism of smooth K-schemes. We will define the relative
de Rham cohomologyHidR(X/Y ), which is a vector bundle on Y whose fibers are the algebraic de Rham cohomology
groups Hi

dR(Xy/K(y)). Reflecting the “topological invariance” of C∞ de Rham cohomology, we will equip this
module with the Gauss-Manin connection, which will give a way to measure local constancy of sections.

The relative de Rham cohomology bundle also comes equipped with a natural Hodge filtration by subbundles, and
we study how this filtration varies over Y with respect to the Gauss-Manin connection. Once we pass to a completion
Kv of K (either C or non-archimedean), this information is captured in a period map from an open ball in Y (Kv) to
a “period domain” (some Grassmannian/flag variety). Fixing a base point y0 ∈ Y (K), the period map sends a point
y ∈ Y (Kv) close to y0 to the Hodge filtration on Hi

dR(Xy/Kv): local constancy of HidR(X/Y ) lets us identify this
with a filtration on Hi

dR(Xy0/Kv).
By standard limit techniques (as in [13, IV3, §8]), we can spread the whole setup out to a smooth proper map

X → Y over some ring O := OK,S of S-integers. The motivating application is the technique developed in [17] to
bound the size of Y(O) for some K-scheme Y of interest by studying monodromy in relative de Rham cohomology
of some X → Y . For example, [17] proves the Mordell conjecture: if Y is a proper curve of genus at least 2, then
Y (K) = Y(O) is finite.

By an artful choice of family X → Y , we hope to arrange a situation in which the following conditions are met:

• Topological considerations let us show that for y0 ∈ Y (C) the monodromy representation of π1(Y (C), y0) on
the de Rham cohomology Hi

dR(Xy0/C) has a Zariski closure of large dimension.
• p-adic Hodge theory lets us show that the period map over Kv - for v a well-chosen non-archimedean place -

sends Y(O) into a sufficiently low-dimensional Zariski-closed subset of a v-adic period domain.

We want to conclude that Y(O) is contained in an analytic subset in Y (Kv) of strictly smaller dimension than
dimY (in particular, when Y is a curve, this will imply that Y(O) is finite). In order to do this, we need to be able
to compare the images of the period maps over Kv and C. This requires setting up a formal-algebraic theory of the
period map in a formal neighborhood of y0 ∈ Y (K), then showing that the analytic constructions over Kv and C are
compatible with this formal one over K.

In these notes, we will construct the period maps in three different settings: complex-analytic, non-archimedean
analytic, and formal-algebraic. We will then prove the desired properties of their images, and then finally show the
crucial fact that the three constructions are compatible, in a suitable sense.

3. RELATIVE DE RHAM COHOMOLOGY

Let f : X → Y be a morphism of schemes or analytic spaces over C.1 (In the application, X and Y will either both
be smooth over a common ground field, or they will be complex manifolds). In this section, we define the relative de
Rham cohomology sheaves for f . The constructions below may be made in either the algebraic or analytic categories,
so we do not distinguish among them.

In any of the settings considered, there is the sheaf of relative differentials Ω1
X/Y . This is the sheaf of OX -modules

Ω1
X/Y = ∆−1(I/I2), where ∆: X → U ⊆ X ×Y X is an open neighborhood of the diagonal into which ∆ is a

closed immersion with sheaf of ideals I . It is equipped with an f−1OY -linear derivation dX/Y : OX → Ω1
X/Y , i.e. a

f−1OY -linear map satisfying the Leibniz rule:

dX/Y (fg) = f dX/Y (g) + g dX/Y (f),

defined by dX/Y (f) = p#
2 (f)− p#

1 (f), where p1, p2 are the projections from X ×Y X to X . Here and everywhere
in these notes, we use the notation (f, f#) for a map of ringed spaces (e.g., schemes or complex analytic spaces)
f : X → Y , f# : OY → f∗OX .

The sheaf of relative differentials is characterized by the universal property that an OX -linear map from Ω1
X/Y to an

OX -module F (assumed to be coherent in the complex-analytic case) is the same thing as an OY -linear derivation of
OX into F : a map d : OX → F of f−1OY -modules satisfying the Leibniz rule. See Proposition A.13.

1The construction we give of de Rham cohomology, the Gauss-Manin connection, etc. work equally well in the setting of rigid-analytic spaces
over non-archimedean fields, but we will not need to apply such a theory here.
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In the analytic case a derivation into a coherent sheaf will automatically also satisfy the “chain rule”

d(p(g)) = p′(g) dg

for power series p such that p(g) converges: see Proposition A.14.
Any section of Ω1

X/Y is locally a finite sum of terms of the form f dX/Y (g) for sections f, g of OX : see Proposition
A.5. For simplicity, we write dg for dX/Y (g) below. We define higher-order differential forms using

ΩpX/Y =

p∧
OX

Ω1
X/Y

By Proposition A.15, we can extend the derivation dX/Y to a sequence of f−1OY -linear maps dpX/Y : ΩpX/Y → Ωp+1
X/Y

which are characterized uniquely by the identity:

dpX/Y (f dg1 ∧ · · · ∧ dgp) = df ∧ dg1 ∧ · · · ∧ dgp (3.1)

We see immediately that dp+1
X/Y ◦ d

p
X/Y = 0, so we obtain the relative de Rham complex

Ω•X/Y = OX
d0X/Y

// Ω1
X/Y

d1X/Y
// Ω2
X/Y

d2X/Y
//// · · ·

Note that this is a complex in the category of f−1OY -modules rather than in the category of OX -modules: the individual
sheaves in the complex are OX -modules, but the differentials are not OX -linear.

When f : X → Y is smooth (i.e. a submersion in the case of C-manifolds), we can write the de Rham complex in a
more familiar way in terms of local coordinates. More precisely, there are open covers Y = ∪iYi, XYi = ∪jXj such
that each Xj lies over some Yi and fj : Xj → Yi factors as

Xj
ι : étale //

fj

!!

An
Yi

π

��

Yi

We have Ω•X/Y |Xj ' Ω•Xj/Yi , and ι∗Ω1
An
Yi
/Yi

∼−→ Ω1
Xj/Yi

since ι is étale. Let T1, . . . , Tn be the coordinates on

An
Yi

and t1, . . . , tn their images in Γ(Xj ,OX). Then by Proposition A.11, we have:

Ω1
An
Yi
/Yi

=

n⊕
k=1

OAn
Yi
dTk

and therefore

Ω1
Xj/Yi

'
n⊕
k=1

OXjdtk

Thus, for a section f of OX on U ⊆ Xj , we may write df =
∑
k
∂f
∂tk

dtk for uniquely determined ∂f
∂tk
∈ Γ(U,OX).

Then we may write:

ΩpXj/Yi '
⊕

1≤k1<...<kp≤n

OXjdtk1 ∧ · · · ∧ dtkp

and the differentials satisfy the usual formulas:

dpX/Y (f dtk1 ∧ · · · ∧ dtkp) =

n∑
j=1

∂f

∂tj
dtj ∧ dtk1 ∧ · · · ∧ dtkp

When X,Y are complex-analytic spaces, the analytic implicit function theorem says that we may arrange Xj '
Bn × Yi over Yi, so a section of OX may be written as a power series in the tk’s with coefficients in f−1OY . Then
Proposition A.14 implies that ∂f

∂tk
is formally the partial derivative of f with respect to tk.

Definition 3.1. The i-th relative de Rham cohomology of f : X → Y is

HidR(X/Y ) = Rif∗(Ω
•
X/Y ) = Hi(Rf∗(Ω

•
X/Y ))
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Here, Rif∗ denotes the i-th “hyperderived functor” of f∗, which is the same thing as the i-th homology sheaf of the
total derived functor Rf∗ : D+(f−1OY -Mod)→ D+(OY -Mod). It is computed by choosing a quasi-isomorphism
Ω•X/Y → I• with I• a complex of injective f−1OY -modules, then taking homology of the complex f∗(I•).

It is a fact in general homological algebra that there is a spectral sequence relating the hyperderived functor of a
complex to the ordinary derived functors of the individual terms in the complex, yielding

Ep,q1 = Rqf∗Ω
p
X/Y ⇒ Rp+qf∗Ω

•
X/Y = Hp+qdR (X/Y ) (3.2)

This spectral sequence, called the Hodge-de Rham spectral sequence, induces an important structure on de Rham
cohomology:

Definition 3.2. The Hodge filtration on the relative de Rham cohomologyHmdR(X/Y ) is the descending filtration by
OY -submodules Fil•HmdR(X/Y ) where the p-th piece is generated by the images of Ei,m−i∞ → HmdR(X/Y ) for i ≥ p,
where Ei,j∞ is the abutment of the spectral sequence (3.2).

Note that this implies that Ep,q∞ ' grpHp+qdR (X/Y ) as OY -modules.
Next, we want to consider how de Rham cohomology and its Hodge filtration interact with base change on Y .

Consider a commutative square (we do not yet need to assume it is cartesian) of schemes or complex-analytic spaces

X ′
g′
//

f ′

��

X

f

��

Y ′
g
// Y

Let A • be a complex of abelian sheaves on X . Then we can form hypercohomology spectral sequences E•, E′•
computing the Rnf∗(A •), Rnf ′∗((g

′)−1A •) respectively. We obtain a base change map of spectral sequences which
is natural in A •

Φ: g−1E• → E′•
For r = 1, Φ agrees with the natural base change map

Φp,q1 : g−1Rqf∗A
p → Rqf ′∗(g

′)−1A p

Note that since g−1 is exact, all the other Φp,qr are determined by Φ1 by passing to some sub-quotient. In particular,
these maps commute with differentials. On the E∞ pages we get:

Φ∞ : g−1Rnf∗(A
•)→ Rnf ′∗((g

′)−1A •)

In the case of de Rham cohomology, there is a natural (f ′)−1OY -linear map of complexes (g′)−1Ω•X/Y → Ω•X′/Y ′ ,
defining a map of hypercohomology spectral sequences. Let E(X/Y ) be the Hodge-de Rham spectral sequence for
X/Y , E(X ′/Y ′) be the spectral sequence for X ′/Y ′, and E′ be the hypercohomology spectral sequence computing
Rnf ′∗(g

′)−1Ω•X/Y . Then for each p, q, r, we have a diagram:

g−1Ep,qr (X/Y )
Φp,qr //

��

(E′)p,qr

��

g∗Ep,qr (X/Y )
Ψp,qr // Ep,qr (X ′/Y ′)

Here, the vertical map on the right is induced by the map of complexes (g′)−1Ω•X/Y → Ω•X′/Y ′ , and the vertical map
on the left is the natural transformation from g−1 to g∗ given by tensoring with OY ′ over g−1OY . Since everything in
sight is OY ′ -linear, Ψp,q

r makes sense and we have

(∂′)p,qr ◦Ψp,q
r = Ψp+r,q−r+1

r ◦ g∗(∂p,qr )

with ∂′ the differential on E(X ′/Y ′) and ∂ the differential on E(X/Y ).
In particular, we have commutative diagrams

g−1Rif∗Ω
•
X/Y

Φ∞ //

��

Rif ′∗(g
′)−1Ω•X/Y

��

g∗Rif∗Ω
•
X/Y = g∗HidR(X/Y )

Ψ∞ // HidR(X ′/Y ′) = Rif ′∗Ω
•
X′/Y ′
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and

g−1Rqf∗Ω
p
X/Y

Φp,q1 //

��

Rqf ′∗(g
′)−1ΩpX/Y

��

g∗Rqf∗Ω
p
X/Y

ρ
//

Ψp,q1

((

Rqf ′∗(g
′)∗ΩpX/Y

'
��

Rqf ′∗Ω
p
X′/Y ′

where we used the factorization (g′)−1ΩpX/Y → g∗ΩpX/Y
∼−→ ΩpX′/Y ′ , where the second map is an isomorphism by

Proposition A.10. Here, ρ is the unique map making the diagram commute, so it must be equal to the canonical base
change morphism for OX -modules.

We’ve shown:

Proposition 3.3. Let

X ′
g′
//

f ′

��

X

f

��

Y ′
g
// Y

be a commutative diagram of schemes or complex-analytic spaces. Form Hodge-de Rham spectral sequences E•(X/Y ),
E•(X

′/Y ′) for X/Y and X ′/Y ′ respectively. Then for each p, q the natural base change maps for OX -modules

g∗Rqf∗Ω
p
X/Y → Rqf ′∗(g

′)∗ΩpX/Y
∼−→ Rqf ′∗Ω

p
X′/Y ′

commute with (g∗ applied to) all differentials in the respective Hodge-de Rham spectral sequences, and are compatible
with the base change map

g∗Hp+qdR (X/Y )→ Hp+qdR (X ′/Y ′)

4. SINGULAR COHOMOLOGY AND LOCALLY CONSTANT SECTIONS IN DE RHAM COHOMOLOGY

In this section, we will prove a relative version of the de Rham comparison isomorphism, relating relative de Rham
cohomology of a submersion of complex manifolds to the singular cohomology of the fibers. More precisely, we will
show that the natural map

Rif∗C⊗C OY → HidR(X/Y )

is an isomorphism. This will allow us to define the subsheaf of locally constant sections ofHidR as the image of Rif∗C.
The key fact that makes de Rham cohomology easier to work with in the complex-analytic setting is that we have the

Poincaré Lemma:

Lemma 4.1 (Relative holomorphic Poincaré lemma). Let f : X → Y be a smooth morphism of complex-analytic
spaces. Then the kernel of dX/Y : OX → Ω1

X/Y is f−1OY , and Ω•X/Y is exact in all higher degrees. In other words,
the natural map f−1OY → Ω•X/Y is a quasi-isomorphism.

Proof. This is Lemma C.1. �

This lets us give a simpler description of relative de Rham cohomology:

Corollary 4.2. Let f : X → Y be a smooth morphism of complex-analytic spaces. Then the natural map

Rif∗(f
−1OY )→ Rif∗(Ω

•
X/Y ) = HidR(X/Y )

is an isomorphism.

In the case that Y = Sp C is a point, this gives the de Rham comparison isomorphism for any complex manifold X:

Hi(X,C)
∼−→ Hi

dR(X/C)

The cohomology group on the left is topological cohomology of the constant sheaf C on X , and is canonically
isomorphic to Hi

sing(X,C).
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Remark 4.3. We can use the classical C∞ de Rham theorem to relate singular cohomology to sheaf cohomology for a
complex manifold M . Indeed, the C∞ de Rham complex E •M forms a resolution of C by the C∞ Poincaré lemma, and
these sheaves are acyclic for the global sections functor Γ (due to the existence of partitions of unity). Thus, the sheaf
cohomology group Hi(M,C) may be canonically identified with the homology of the complex Γ(E •M ) of global C∞

differential forms. Now, integration along singular chains defines a map of complexes from Γ(E •) to the complex of
singular cochains of M , and the classical de Rham theorem asserts that this induces an isomorphism on homology.

On the other hand, the “∂ resolution” defines a map of complexes Ω•M/C → E •M . The ∂-Poincaré lemma (see
[12, Ch. 0, §2, pp. 25]) asserts that this is a quasi-isomorphism, so the homology of Γ(E •M ) also computes the
analytic de Rham cohomology. The composition C → Ω•M/Y → E •M is the resolution C → E •M , so the de Rham
comparison isomorphism Hi(M,C)→ Hi

dR(M/C) is computed by the identity map on E •M . Thus, the composition
of the inverse of the de Rham comparison isomorphism with the canonical identification of sheaf cohomology with
singular cohomology

Hi
dR(M/C)

∼−→ Hi(M,C)
∼−→ Hi

sing(M,C)

is given by integrating a representative C∞ form along singular chains, just as in §1.

The next ingredient we need is a tool to let us compare Rif∗(f−1OY ) from Corollary 4.2 to Rif∗C, using the
topological version of the proper base change theorem. If f : X → Y is a map of topological spaces, we say that
f is proper if it is universally closed and the diagonal X → X ×Y X is a closed embedding. In the case that X,Y
are locally compact Hausdorff spaces, this is equivalent to the condition that f−1(K) is compact for any compact set
K ⊆ Y : see [5, Ch. I,§10, no. 3, Proposition 7].

Proposition 4.4 (Topological proper base change). Let f : X → Y be a proper map of topological spaces and let F •

be an arbitrary bounded below complex of abelian sheaves on X . Then for any continuous map g : Y ′ → Y and the
fiber product

X ′
g′
//

f ′

��

X

f

��

Y ′
g
// Y

the natural base change morphism
g−1Rif∗F

• → Rif ′∗g
′−1F •

is an isomorphism for each i ≥ 0

The natural base change map induces a map of hypercohomology spectral sequences which agrees with the base
change maps

g−1Rqf∗F
p → Rqf ′∗g

′−1F p

on the E1-page, so we can immediately reduce to the case that F • is a single abelian sheaf concentrated in degree 0.
Then, taking stalks of both sides of the base change morphism, the proof immediately boils down to the following
special case:

Corollary 4.5. If f : X → Y is a proper map of topological spaces and F is an abelian sheaf on X , then for any
y ∈ Y the natural map

(Rif∗F )y → Hi(Xy,F |Xy )

is an isomorphism.

This is proved in [21, Exposé Vbis, Théorème 4.1.1] in a self-contained way. We apply it to prove:

Proposition 4.6. Let f : X → Y be a smooth proper morphism of complex-analytic spaces. For any abelian sheaf A
of C-vector spaces on Y , the natural map

Rif∗C⊗C A → Rif∗(f
−1A )

is an isomorphism.

This will be applied to A = f−1OY , whose stalks are essentially never finite-dimensional over C.
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Proof. It suffices to check this claim at stalks y ∈ Y . Apply the natural morphism from the topological proper base
change theorem to both sides. On the left side, we have

((Rif∗C)⊗C A )y ' (Rif∗C)y ⊗C Ay
∼−→ Hi(Xy,C)⊗C Ay

On the right side, we have:

(Rif∗(f
−1A ))y

∼−→ Hi(Xy, (f
−1A )|Xy ) ' Hi(Xy,Ay)

So we’re reduced to the statement that for any C-vector space V , the natural map

Hi(Xy,C)⊗C V → Hi(Xy, V )

is an isomorphism. The case that dimV is finite is obvious (since cohomology commutes with finite direct sums). For
the general case, we can write V = lim−→α

Vα for the directed system {Vα} of finite-dimensional subspaces Vα ⊆ V .
Since then V = lim−→Vα, the following lemma finishes the proof (noting that the fibers of a proper morphism are compact
and Hausdorff). �

Lemma 4.7. Let Z be a compact Hausdorff space and let (Fj) be an inductive system of abelian sheaves on Z. Then
the natural map

lim−→
j

Hi(Z,Fj)→ Hi(Z, lim−→
j

Fj)

is an isomorphism.

Proof. This is [11, Ch. II, Theorem 4.12.1] �

Now, we combine Corollary 4.2 with Proposition 4.6 to get:

Proposition 4.8 (Relative de Rham comparison isomorphism). For f : X → Y a smooth proper morphism of complex-
analytic spaces, the map C→ OX = Ω0

X/Y induces an isomorphism(
Rif∗C

)
⊗C OY

∼−→ HidR(X/Y )

As an application, we now show that relative de Rham cohomology commutes with the base change morphism from
Proposition 3.3.

Corollary 4.9. Let f : X → Y be a smooth proper morphism of complex-analytic manifolds. If g : Y ′ → Y is an
arbitrary map from a complex-analytic space to Y , then the base change map

g∗HidR(X/Y )→ HidR(X ′/Y ′)

from Proposition 3.3 is an isomorphism, where X ′ = X ×Y Y ′.

Proof. By naturality of the base change maps, we have a commutative diagram of sheaves of OY -modules

g−1(Rif∗C)⊗C OY ′ = g∗
(
Rif∗C⊗C OY

)
��

// g∗
(
Rif∗(Ω

•
X/Y )

)
= g∗

(
HidR(X/Y )

)
��

Rif ′∗C⊗C OY ′ // Rif ′∗(Ω
•
XY ′/Y

′) = HidR(XY ′/Y
′)

where the vertical maps are the base change maps. The horizontal maps are isomorphisms by Proposition 4.8, and the
map on the left is an isomorphism by Proposition 4.4, so the base change map is an isomorphism. �

Proposition 4.8 is particularly useful when X,Y are smooth, due to:

Proposition 4.10. If f : X → Y is a smooth proper morphism of complex-analytic manifolds, then Rif∗C is a local
system of finite-dimensional C-vector spaces on Y .

Proof. The sheaf Rif∗C is the sheafification of the presheaf V 7→ Hi(f−1(V ),C) for open V ⊆ Y . Thus it suffices to
find a base of open subsets V ⊆ Y such that for any y ∈ V , the restriction map

Hi(f−1(V ),C)→ (Rif∗C)y

is an isomorphism. By the topological proper base change theorem, this amounts to showing that the natural restriction
map

Hi(f−1(V ),C)→ Hi(Xy,C)
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is an isomorphism. Now we apply the Ehresmann fibration theorem: this says that any proper submersion f : X → Y
of C∞ manifolds is a locally trivial fibration. This means that for any point y ∈ Y , there is an open subset V 3 y such
that there is a diffeomorphism f−1(V )

∼−→ Xy × V over V which extends the identity on Xy . If V is also contractible,
then the pullback

Hi(f−1(V ),C)→ Hi(Xy,C)

is an isomorphism by homotopy invariance of singular cohomology (because after applying the diffeomorphism
f−1(V )

∼−→ Xy × V , the map f−1(V ) → Xy becomes the projection V × Xy → Xy, which is a deformation
retract). �

Propositions 4.8 and 4.10 imply:

Corollary 4.11. For any smooth proper morphism f : X → Y of complex-analytic manifolds,HidR(X/Y ) is a vector
bundle.

Remark 4.12. By the proof of Proposition 4.10, note that sections of Rif∗C locally arise from elements γ ∈
H1(f−1(V ),C) for V such that f is locally trivial over V , and that the stalk of such a section at some y ∈ V is
the restriction γ|f−1(V ). Applying the canonical isomorphism with singular cohomology as in Remark 4.3 (which is
functorial in the topological space), we see that the sections of HidR(X/Y ) coming from Rif∗C are exactly those
which have constant periods in the sense discussed in §1.

Thus, the inverse of the isomorphism

Hi
dR(Xy0/C)⊗C OY,y0 ' (Rif∗C)y0 ⊗C OY,y0

∼−→ (HidR(X/Y ))y0

sends a relative de Rham cohomology class, represented as a C∞ differential form ω, to the associated period map P as
defined in §1.

5. FORMALISM OF CONNECTIONS

Let f : X → Y be a map of schemes or complex-analytic spaces, and let E be a vector bundle on X . We want to
understand what sort of extra structure is needed on E to define a sense in which certain sections of E are “locally
constant relative to Y ”. This will allow for the identification of nearby fibers of E . The following definition is the basic
construction:

Definition 5.1. A connection on E relative to Y is an f−1OY -linear map of sheaves ∇ : E → Ω1
X/Y ⊗OX E which

satisfies the following Leibniz rule: for f a section of OX and s a section of E ,

∇(fs) = dX/Y (f)⊗ s+ f · ∇(s)

The connection ∇ should be thought of as a rule for differentiating sections of E along relative vector fields: given
some vector field v ∈ Hom(Ω1

X/Y ,OX) = DerY (OX ,OX), we compose∇ with v ⊗ 1 to get an OY -linear “covariant
derivative” ∇v : E → E satisfying:

∇v(fs) = v(f) · s+ f · ∇v(s)
Note that the map v 7→ ∇v is OX -linear.

Given a rank-r vector bundle with connection (E ,∇), we can look at the sheaf of f−1OY -modules ker∇ ⊆ E ,
called the sheaf of “flat sections” of E with respect to∇. Locally on X , we can choose a basis e1, . . . , er of E , and we
can write

∇(ej) =
∑
i,j

ωji ⊗ ei

for uniquely determined sections ωji of Ω1
X/Y . Let A = (ωji )i,j be the matrix of 1-forms associated to this choice of

basis. Then if s =
∑
j sjej is a section of E , we compute

∇(s) =
∑
j

∇(sjej) =
∑
j

dX/Y (sj)⊗ ej + sj∇(ej) =
∑
i

dX/Y (si) +
∑
j

sj ω
j
i

⊗ ei
We write this as:

∇ = dX/Y +A
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with dX/Y interpreted as a “vector-valued” differential in the obvious way. Conversely, given any r × r matrix A of
one-forms and any basis e1, . . . , er of E on some open set U ⊆ X , the formula∇ = dX/Y +A defines a connection
on E |U .

Suppose that X is Y -smooth and that we shrink Y so that Ω1
X/Y and E are both free. Choosing relative coordinates

z1, . . . , zn (coming from an étale map X → An
Y over Y ), so that the dzk form a basis for Ω1

X/Y , we can uniquely

write ωi,j =
∑
k Γjik dzk for sections Γjik of OX , uniquely determined given the choice of local relative coordinates

and basis for E .

∇(ej) =
∑
i,j

ωi,j ⊗ ei =
∑
i,k

Γjik dzk ⊗ ei

They are called the Christoffel symbols of the connection. For any s =
∑
j fjej ∈ Γ(X,E ), the condition that

∇(s) = 0 is:

0 = ∇(s) =
∑
i

(dX/Y (si) + sjωi,j)⊗ ei =
∑
i,k

 ∂si
∂zk

+
∑
j

Γjiksj

 dzk ⊗ ei

This gives a system of linear first order partial differential equations characterizing the flat sections

∂si
∂zk

+
∑
j

Γjiksj = 0 (5.1)

Remark 5.2. Under certain conditions, it is possible to find a basis of E in which the equations (5.1) take the form

∂s1

∂zk
= s2,

∂s2

∂zk
= s3, · · · , ∂sr−1

∂zk
= sr,

∂sr
∂zk

=

r−1∑
j=1

f jksj

Thus, the system of differential equations expressing that ∇∂zk(s) = 0 is equivalent to the single n-th order differential
equation for ϕ a section of OX

∂nϕ

∂zk
=

r∑
j=1

f jkϕ

See [8, Ch. I, §4] for more details on this translation.
In the setting of the Picard-Fuchs equations in the introduction, the invariant differential ω(λ) gave such a basis for

the relative de Rham cohomology bundle H1
dR(L/(C− {0, 1})), and the Picard-Fuchs equation (1.1) is exactly the

2-nd order differential equation obtained as above from the Gauss-Manin connection ∇GM (defined in Definition 6.1).
This can be seen from Remark 4.12.

In order for these equations to admit many solutions in the complex-analytic case (e.g. sufficiently many solutions
that they provide a basis of each fiber E (x)), we need an additional hypothesis of integrability, defined as follows.

First, the connection may be “extended” uniquely to OY -linear maps ∇p : ΩpX/Y ⊗OX E → Ωp+1
X/Y ⊗OX E with

∇0 = ∇ by the formula

∇p(ω ⊗ s) = dpX/Y (ω)⊗ s+ (−1)pω ∧∇(s)

It is not hard to check that this is well-defined, with ∇p+1 ◦ ∇p actually OX -linear for all p, due to the Leibniz rule
for dX/Y and ∇. We define the curvature of the connection to be ∇1 ◦ ∇0 : E → Ω2

X/Y ⊗OX E (which turns out to
always be OX -linear!), and say that ∇ is integrable or flat if ∇1 ◦ ∇0 = 0. This implies∇p+1 ◦ ∇p = 0 for all p - see
[8, Ch. 1, §2].

We can pull back connections:
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Definition 5.3. Given a map g : Z → X , the pullback of ∇ is the unique connection g∗∇ : g∗E → Ω1
Z/Y ⊗OZ g

∗E
over Y such that the following diagram commutes:

g−1E
g−1∇

//

��

g−1Ω1
X/Y ⊗g−1OX g

−1E

��

g∗Ω1
X/Y ⊗OZ g

∗E

��

g∗E
g∗∇

// Ω1
Z/Y ⊗OZ g

∗E

(5.2)

Note that g−1∇ makes sense without further comment because g−1 is a functor on the category of abelian sheaves.

Proposition 5.4. The pullback of a connection by a map of complex-analytic spaces or schemes always exists.

Since the image of g−1E → g∗E generates g∗E as a OZ -module, the condition given above uniquely characterizes
g∗∇. Thus, to show existence it suffices to work locally on X . Choosing a basis e1, . . . , er for E , we can write

∇(ej) =
∑
i

ωi,j ⊗ ei

with the ωi,j ∈ Γ(X,Ω1
X/Y ). Then g∗E is locally free with basis given by g∗e1, . . . , g

∗er ∈ Γ(Z, g∗E ). Then (5.2)
says

(g∗∇)(g∗ej) =
∑
i

g∗
(
ωi,j ⊗ ei

)
=
∑
i

(g∗ωi,j)⊗ g∗ei

with g∗ωi,j the image of ωi,j under Γ(X,Ω1
X/Y )→ Γ(Z, g∗Ω1

X/Y )→ Γ(Z,Ω1
Z/Y ).

This motivates us to define g∗∇ with the matrix (g∗ωi,j)i,j of 1-forms. Now, we check that this definition satisfies
(5.2). Let U ⊆ Z be open, and write an arbitrary section s ∈ Γ(U, g−1E ) as s =

∑
j sjej for sj ∈ Γ(U, g−1OX). Let

g∗s be the image of s in g∗E , so we have

g∗s =
∑
j

g#(sj) g
∗(ej)

Then, we compute:

(g∗∇)(g∗s) =
∑
j

(g∗∇)(g#(sj) g
∗(ej))

=
∑
i

dZ/Y (g#(si)) +
∑
j

g#(sj) · (g∗ωi,j)

⊗ g∗(ei)
On the other hand, we have:

g−1∇(s) =
∑
i

dX/Y (si) +
∑
j

sj · ωi,j

⊗ ei
Applying g∗ to this gives:

g∗g−1∇(s) =
∑
i

g∗(dX/Y (si)) +
∑
j

g∗(sj · ωi,j)

⊗ g∗ei =
∑
i

(
dZ/Y (g#si) + g#(sj) · (g∗ωi,j)

)
⊗ g∗ei

By chasing definitions and using (5.2), we get:

Proposition 5.5. The pullback of an integrable connection is integrable.
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6. CONNECTIONS, LOCAL SYSTEMS, AND PERIOD MAPS OVER C

Recall that in §4, we declared that the flat sections ofHidR(X/Y ) should be the image of Rif∗C under the de Rham
comparison isomorphism from Proposition 4.8. This uniquely determines a connection onHidR(X/Y ):

Definition 6.1. For f : X → Y a smooth proper morphism of complex-analytic spaces, the complex-analytic Gauss-
Manin connection onHidR(X/Y ) is the connection∇GM,an corresponding to id⊗dX/Y under the de Rham comparison
isomorphism

(Rif∗C)⊗C OY
∼−→ HidR(X/Y ) (6.1)

Note that by the Poincaré lemma, the kernel of∇GM,an is exactly Rif∗C, as desired.
Working in the complex-analytic setting, we will see that every vector bundle with flat connection arises from a

local system by the above construction. Building on this, in this section we will define monodromy representations
and period maps for an arbitrary vector bundle with integrable connection. The starting point is the following theorem,
which encompasses existence and uniqueness statements for solutions to certain linear partial differential equations.

Theorem 6.2 (Riemann-Hilbert Correspondence). Let Y be a complex manifold. Then there is an equivalence of
categories between the category of local systems Λ of finite-dimensional C-vector spaces on Y and the category of
vector bundles (E ,∇) with integrable connection on Y .

In one direction, the correspondence sends a local system Λ to the vector bundle OY ⊗C Λ with the connection
dY/C ⊗ id : OY ⊗C Λ → Ω1

Y/C ⊗C Λ. This connection is clearly integrable, since dY/C ◦ dY/C = 0. In the other
direction, the correspondence sends (E ,∇) to the sheaf of local solutions ker∇ ⊆ E . The real content of the theorem
is that when ∇ is an integrable connection, the sheaf ker∇ is locally constant and the natural map

OY ⊗C (ker∇)
∼−→ E

is an isomorphism. This says exactly that, locally on Y , there exists a unique holomorphic solution to the differential
equations ∇(s) = 0 with a given initial condition in a fiber of E . The proof proceeds via a geometric version of the
Frobenius integrability theorem (which is valid in the complex-analytic category): see [7, Theorem 2.6].

Remark 6.3. A relative version of the Riemann-Hilbert correspondence is also true, and can be deduced from the
“absolute” case. This says that if f : W → Z is a smooth morphism of complex-analytic spaces then there is an
equivalence of categories between local systems of locally free f−1OZ-modules of finite rank (meaning that locally
on W , they are of the form f−1F for F a vector bundle on Z) and vector bundles E on W with integrable relative
connection∇W/Z : E → Ω1

W/Z ⊗OW E . We will not need to use this, but a proof is given in [8, Ch. I, Théorème 2.23].
As an application, we can generalize Corollary 4.2 of the Poincaré lemma, which asserted an isomorphism

Rif∗f
−1OY

∼−→ HidR(X/Y ). For a vector bundle with integrable relative connection (E ,∇), we can form the
de Rham complex Ω•W/Z(E ) as in §5 and define its de Rham cohomology:

HidR(W/Z, (E ,∇)) := Rif∗Ω
•
W/Z(E )

By the relative Riemann-Hilbert correspondence, (E ,∇) '
(
OX ⊗f−1OY (ker∇), dX/Y ⊗ id

)
for some local system

ker∇ of f−1OY -modules. Thus, we can tensor the quasi-isomorphism f−1OY → Ω•X/Y of the Poincaré lemma with
ker∇, and we get a quasi-isomorphism ker∇ → Ω•X/Y (E ). Thus, we have a natural isomorphism

Rif∗(ker∇)
∼−→ HidR(X/Y, (E ,∇))

The phrase “Riemann-Hilbert correspondence” often refers to a vast generalization: replace the category of vector
bundles with integrable connection with the derived category of (certain) D-modules, and the category of local systems
with the derived category of constructible sheaves.

The Riemann-Hilbert correspondence in Theorem 6.2 satisfies the following compatibility with pullbacks:

Proposition 6.4. Let g : Z → Y be a map of complex manifolds. If a local system Λ on Y corresponds to (E ,∇) under
the Riemann-Hilbert correspondence, then g−1Λ corresponds to (g∗E , g∗∇) under the Riemann-Hilbert correspondence
for Z.

Proof. This is the statement that the natural map

g−1(ker∇) ↪−→ g−1E → g∗E = OZ⊗g−1OY g
−1E = OZ⊗g−1OY (g−1OY ⊗C g

−1(ker∇)) = OZ⊗C g
−1(ker∇)



MONODROMY IN DE RHAM COHOMOLOGY 13

is an isomorphism onto ker g∗∇. The image lies in ker g∗∇ since if∇(s) = 0 then (g∗∇)(g∗s) = g∗(∇(s)) = 0. The
map of locally constant sheaves g−1 ker∇ → ker g∗∇ is clearly injective, so since E and g∗E have the same rank, it
must be an isomorphism. �

In particular, Theorem 6.2 says that for any y ∈ Y , the natural inclusion map (ker∇)y → E (y) is an isomorphism.
Now, pick some point y0 ∈ Y and some connected open neighborhood Ω of y0 which is simply connected (e.g. a
polydisc). Since ker∇ is a local system, there is a unique isomorphism of (ker∇)|Ω with the constant sheaf associated
to E (y0) such that it induces the natural injection at y0. Thus, we have an OΩ-linear isomorphism

∇y0 : E (y0)⊗C OΩ
∼−→ (ker∇)|Ω ⊗C OΩ

∼−→ E |Ω (6.2)

uniquely determined by the requirements that it induces the identity on fibers at y0 and that the image of E (y0) is
ker∇ ⊆ E . In particular, for any y ∈ Ω, taking fibers of ∇y0 at y induces a “parallel transport” isomorphism

∇y0,y : E (y0)
∼−→ E (y) (6.3)

These isomorphisms are the precise meaning of the idea that∇ is a device for “connecting” nearby fibers, hence the
terminology “connection”.

If we we assume that E and Ω1
Y/C are both free when restricted to Ω and choose bases, we may rephrase the above

discussion in terms of the differential equations (5.1). Theorem 6.2 (applied to Y = Ω) implies that for any α ∈ E (y0),
there is a unique solution sα =

∑
j sjej ∈ Γ(Ω,E ) of (5.1) such that sα(y0) = α. In this language, the isomorphism

(6.2) is the map α⊗ t 7→ t · sα, and the “parallel transport” isomorphism (6.3) is the map α 7→ sα(y).
When (E ,∇) is relative de Rham cohomology with the Gauss-Manin connection, the isomorphism (6.2) is the

de Rham comparison isomorphism from Proposition 4.8. Passing to fibers at a point y ∈ Y and applying the base
change isomorphism given in Corollary 4.9 as well as topological proper base change gives us a commutative square of
isomorphisms:

y∗(Rif∗C)

��

∇y0,y // Rif∗(Ω
•
X/Y )(y) = HidR(X/Y )(y)

��

Hi(Xy,C) // Hi(Ω•Xy/C) = Hi
dR(Xy/C)

Thus, the map (6.1) induces exactly the de Rham comparison isomorphism

Hi(Xy,C)
∼−→ Hi

dR(Xy/C)

on fibers at y ∈ Y . This proves:

Proposition 6.5. The parallel transport maps associated to the complex-analytic Gauss-Manin connection commute
with the de Rham comparison isomorphism in the sense that for any contractible open subset Ω ⊆ Y and y, y0 ∈ Ω, the
following diagram, consisting entirely of isomorphisms, commutes:

Hi(Xy0 ,C)
' // Hi

dR(Xy0/C) = HidR(X/Y )(y0)

∇y0,y

��

Hi(XΩ,C)

88

&&

Hi(Xy,C)
' // Hi

dR(Xy/C) = HidR(X/Y )(y)

Here, the horizontal maps are the de Rham comparison isomorphisms and the diagonal maps are the restriction maps
(which are isomorphisms by homotopy invariance). Note that the canonical isomorphism from Hi(T,C) to Hi

sing(T,C)
is functorial with respect to the topological space T , so the analogous diagram commutes with sheaf cohomology
replaced by singular cohomology.

Now, let’s assume that E has a filtration F il• ⊆ E by vector subbundles (as will be the case when E is relative de
Rham cohomology). We can apply∇−1

y0 to F il•|Ω to get a filtration on E (y0)⊗C OΩ. Since Ω is connected, the ranks
of the sub-bundles in the filtration are constant. Define d• = rk(F il•). There is a flag variety Gr(E (y0), d•) satisfying
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the universal property that maps from a complex-analytic space Z to Gr(E (y0), d•) are the same thing as filtrations on
E (y0)⊗C OZ with ranks d•: it is the analytification of the analogous algebraic flag scheme.

Thus, ∇−1
y0 (F il•) defines a complex-analytic period map

FE ,∇,F il• : Ω→ Gr(E (y0), d•)

On the level of points, this sends y ∈ Ω to ∇−1
y0,y(F il•(y)) ⊆ E (y0).

Now, assuming that Y is connected, we want to study the interaction of the period map FE ,∇,F il• with the
monodromy of the locally constant sheaf ker∇. For any locally constant sheaf Λ on Y , there is an action of π1(Y, y0)
on Λy0 . Explicitly, to a closed loop γ : [0, 1]→ Y based at y0, the pullback γ∗Λ is a constant sheaf on [0, 1], so there is
a canonical isomorphism from the stalk of this pullback at 0 to the stalk of this pullback at 1. Since both of these stalks
are canonically identified with Λy0 , we get an automorphism [γ] of Λy0 . This automorphism of Λy0 only depends on
the homotopy class of γ, so this gives a well-defined action of π1(Y, y0) on Λy0 .

Here is another description of this action: for the universal cover Ỹ → Y and ỹ0 ∈ Ỹ over y0, there is a natural
action of π1(Y, y0) on Ỹ sending ỹ0 to γ · ỹ0 := γ̃(1) where γ̃ is the unique lift of γ to Ỹ with γ̃(0) = ỹ0. Since the
pullback Λ̃ of Λ is constant (as Ỹ is simply connected), there is a canonical isomorphism from Λ̃ỹ0 to Λ̃γ̃·ỹ0 . Since
these are both canonically identified with Λy0 , this induces an automorphism [γ] of Λy0 that agrees with the one given
above.

Consider the pullback (Ẽ , ∇̃, F̃ il•) of (E ,∇,F il•) to Ỹ . The connection ∇̃ is integrable by Proposition 5.5. Since
Ỹ is simply connected, the locally constant ker ∇̃ is constant, so choosing some lift ỹ0 of y0, we get a canonical
identification globally on Ỹ :

∇̃ỹ0 : E (y0)⊗C OỸ
∼−→ Ẽ (ỹ0)⊗C OỸ

∼←−(ker ∇̃)⊗C OỸ
∼−→ Ẽ

Applying the inverse of this to F̃ il•, we get a global period map F
Ẽ ,∇̃,F̃ il•

: Ỹ → Gr(E (y0), d•). Applying Proposition

6.4, we see that the restriction of this map to the lift Ω̃ ⊆ Ỹ of Ω containing ỹ0 is FE ,∇,F il• .
Applying the above monodromy discussion to Λ = ker∇, the isomorphism

∇̃ỹ0,γ·ỹ0 : Ẽ (ỹ0)
∼−→ Ẽ (γ · ỹ0)

becomes exactly [γ] after identifying both sides with E (y0). By pullback functoriality of the period map on Ỹ and the
canonical identification of π1(Y, y0) with Aut(Ỹ /Y ), we deduce:

Proposition 6.6. Let Y be a connected complex manifold and let (E ,∇,F il•) be a vector bundle with integrable
connection and filtration on Y . Then the period map F

Ẽ ,∇̃,F̃ il
• : Ỹ → Gr(E (y0), d•) is equivariant with respect to the

natural π1(Y, y0)-action on the left side and the monodromy action of π1(Y, y0) on the right side.

The monodromy equivariance of the period map allows us to conclude that the image of the period map is at least as
large as an orbit of the monodromy group on Gr(E (y0), d•):

Corollary 6.7. For connected Y , let Γ be the Zariski-closure of the image of the monodromy map π1(Y, y0) →
GL(E (y0))(C). Then

Γ · FE ,∇,F il•(y0) ⊆ FE ,∇,F il•(Ω)
Zar

Proof. Let F0 = FE ,∇,F il•(y0) ∈ Gr(E (y0), d•)(C). Then Proposition 6.6 implies that γ · F0 = F
Ẽ ,∇̃,F̃ il•

(γ · ỹ0) ∈
F

Ẽ ,∇̃,F̃ il•
(Ỹ ) for all γ ∈ π1(Y, y0), so the orbit of F0 under the action of π1(Y, y0) is contained in the Zariski

closure of the image of F
Ẽ ,∇̃,F̃ il•

. Now, the action of GL(E (y0)) on Gr(E (y0), d•) is algebraic, so the C-point
F0 := FE ,∇,F il•(y0) of Gr(E (y0), d•) determines an algebraic orbit map O : GL(E (y0)) → Gr(E (y0), d•). This
implies that O maps the Zariski closure Γ of the image of π1(Y, y0) in GL(E (y0))(C) into the Zariski closure of the
orbit of F0 under the action of π1(Y, y0), so Γ · F0 is contained in the Zariski closure of the image of F

Ẽ ,∇̃,F̃ il•
.

To finish, it suffices to show that the image F
Ẽ ,∇̃,F̃ il•

(Ω̃) = FE ,∇,F il•(Ω) is Zariski-dense in the image of Ỹ under

F
Ẽ ,∇̃,F̃ il•

. Even better, for any analytic map F from Ỹ to (the analytification of) an algebraic variety W , we claim that

F (Ω̃) is Zariski-dense in F (Ỹ ). Let Z ⊃ F (Ω̃) and X ⊃ F (Ỹ ) be the respective Zariski closures in W , so Z ⊆ X .
The preimage F−1(Z) is a closed analytic subset of Ỹ containing the non-empty open set Ω̃, so it is all of Ỹ by analytic
continuation. �
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7. HODGE THEORY AND THE PERIOD MAP OVER C

In order to use the period map from the prior section for relative de Rham cohomology, we need to know that the
Hodge filtration onHidR(X/Y ) consists of sub-bundles. We would also like to be able to understand the successive
quotients for this filtration explicitly as the higher pushforwards Rif∗Ωp, so we want to ensure that the Hodge-de Rham
spectral sequence (3.2) degenerates at E1. These properties are not always true for a smooth proper map f : X → Y of
complex-analytic spaces (or even complex-analytic manifolds), so from now on we will make the assumption (true in
our applications) that f is the analytification of a map of locally finite type C-schemes. This assumption implies that
the Hodge-de Rham spectral sequences for the fibers degenerate at E1, by the following theorem:

Theorem 7.1. Let K be a field of characteristic 0 and let X be a smooth proper scheme over K. Then the Hodge-de
Rham spectral sequence

Ep,q1 = Hq(X,ΩpX/K)⇒ Hp+q
dR (X/K)

degenerates at the E1 page.

This is [10, Corollaire 2.7], and the proof given is purely algebraic, working by degeneration to positive characteristic.
In the case that X is actually projective over K, this is a consequence of the classical Hodge decomposition (after
verifying compatibility between the algebraic and analytic theories). On the other hand, the result is not always true in
positive characteristic: one needs additional hypotheses, as in [10, Corollaire 2.4].

Via the compatibility of algebraic and analytic de Rham cohomology (see Theorem 7.6), this will allow us to appeal
to the following result:

Proposition 7.2. Let f : X → Y be a proper smooth morphism of complex-analytic spaces or schemes in characteristic
zero, and assume that for every y ∈ Y , the Hodge-de Rham spectral sequence (3.2) for Xy/C degenerates at the E1

stage. Then the Hodge-de Rham spectral sequence for X → Y degenerates at E1, and the sheaves Rqf∗Ω
p
X/Y are

vector bundles whose formation commutes with arbitrary base change.

Proof. In the case of schemes, this is shown in the course of the proof of [9, Théorème 5.5]. Since we make degeneration
along the fibers a hypothesis, one can remove the appeal to Proposition 5.3 in loc. cit.. Then, the only part of the
argument which is not “fully algebraic” is the proof, as in Proposition 4.11, that relative de Rham cohomology is a
vector bundle.

Moreover, the arguments given there can all be given verbatim in the complex-analytic setting, since higher direct
images of coherent sheaves under proper morphisms of complex-analytic spaces behave similarly as in the case of
schemes. In particular, the proper mapping theorem, the theorem on formal functions, and the theorem on cohomology
and base change are all true in the complex-analytic setting (albeit with more difficult proofs): see [1, Ch. III]. Note
that in the case of complex-analytic spaces, the stalks of the structure sheaf are automatically noetherian, so no limit
techniques are necessary.

�

Combining this with Theorem 7.1, we see:

Theorem 7.3. Let f : X → Y be a proper smooth morphism of schemes in characteristic zero. Then the Hodge-de
Rham spectral sequence for X over Y degenerates at E1, and the sheaves Rqf∗Ω

p
X/Y are vector bundles whose

formation commutes with arbitrary base change.

Note that this implies in particular that HidR(X/Y ) is a vector bundle whose formation commutes with arbitrary
base change.

Next, we must show that the formation of relative de Rham cohomology is compatible with analytification in the
case of a smooth proper morphism. This is needed to show that the hypothesis of Proposition 7.2 holds via Theorem
7.1, and will also be needed later in order to relate the complex-analytic and non-archimedean period maps.

First, we have the following:

Proposition 7.4. Let f : X → Y be a morphism of locally finite type C-schemes. Then for each p ≥ 0 there are
unique isomorphisms of sheaves of OXan -modules

Ψp : (ΩpX/Y )an ∼−→ ΩpXan/Y an
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with Ψ0 : (OX)an → OXan the identity map, such that the following diagram commutes

ΩpX/Y

dp
X/Y

//

��

Ωp+1
X/Y

��

(ΩpX/Y )an

Ψp

��

(Ωp+1
X/Y )an

Ψp+1

��

ΩpXan/Y an

dp
Xan/Y an

// Ωp+1
Xan/Y an

(7.1)

Proof. Since Ω1
X/Y is generated by the image of dX/Y , uniqueness is obvious. Also, given Ψ1, since analytification

commutes with wedge products, we can define Ψp = ∧pΨ1. If (7.1) commutes for p = 0, then this definition makes it
automatically commute for all p. This is because dpX/Y is characterized on both the algebraic and analytic sides by the
condition that

dpX/Y (f dg1 ∧ · · · ∧ dgp) = df ∧ dg1 ∧ · · · ∧ dgp
Let νX : : Xan → X be the universal map of ringed spaces. We define Ψ1 by the derivation of OX into (νX)∗Ω

1
Xan/Y an

given by
f 7→ d(ν#

Xf)

This is clearly a f−1OY -linear derivation, so we get an OXan -linear map of coherent sheaves on Xan

Ψ1 : (Ω1
X/Y )an = ν∗XΩ1

X/Y → Ω1
Xan/Y an

We need to show that this map is an isomorphism. To do this, we may work locally on X , so assume that X is affine.
By OXan-linearity, we see that Ψ1 commutes with the surjections Ω1

X/C −� Ω1
X/Y and Ω1

Xan/C −� Ω1
Xan/Y an , we

may assume that Y is a point. Similarly, we may reduce to the case X ' An
C via the surjections ι∗Ω1

An
C/C
−� Ω1

X/C

determined by some closed immersion ι : X ↪−→ An
C (note that ν#

X is flat and that the ideal sheaf defining Xan in
(An

C)an is ν#
X of the ideal sheaf defining X in An

C, e.g. by construction of analytifications). Then if t1, . . . , tn are the
coordinates on An

C, we have

Ω1
X/Y '

n⊕
i=1

OX dti, Ω1
Xan/Y an '

n⊕
i=1

OXan dti

Since Ψ1 carries dti to dti, it is clearly an isomorphism. �

Put another way, we have a map of f−1OY an -linear complexes on X

Ψ• : ν−1
X (Ω•X/Y )→ Ω•Xan/Y an

such that for each p, the induced maps

(ΩpX/Y )an = ν∗X(ΩpX/Y )→ ΩpXan/Y an

are isomorphisms. Now, we can apply the following result, which is an application of “relative GAGA”, to see that this
induces an isomorphism on de Rham cohomologies, compatible with the Hodge-de Rham spectral sequences.

Proposition 7.5. Let f : X → Y be a proper morphism of locally finite type C-schemes, and let E • be a complex
of f−1OY -modules on X . Let F • be a complex of (fan)−1OY an-modules on Xan, and assume that there is an
f−1OY -linear map

Ψ: ν−1
X (E •)→ F •

such that for each p, the induced maps
ν∗XE p → F p

are isomorphisms. Then for any q, the natural maps

(Rqf∗(E
•))an → Rqfan

∗ (F •)

are isomorphisms, and these are compatible via the hypercohomology spectral sequence with the natural maps

(Rqf∗E
p)an → Rqfan

∗
(
(E p)an

) ∼−→ Rqfan
∗ (F p)
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Proof. We have a commutative diagram

Xan νX //

fan

��

X

f

��

Y an νY // Y

(7.2)

The construction of the base change maps and proof of compatibility with the spectral sequence are formally identical
to the arguments given in Proposition 3.3.

Let E• be the hypercohomology spectral sequence for Rqf∗E •, let E•,an be the hypercohomology spectral sequence
for Rqfan

∗ ν
−1
X (E •), and let F• be the hypercohomology spectral sequence for Rqfan

∗ F •. Then (7.2)induces maps

Φp,qr : ν−1
Y Ep,qr → Ep,qr,an

which are compatible with the differentials.
Define

Ψp,q
r : ν∗Y Ep,qr → Ep,qr,an → Fp,qr

to be the composition of the OY an-linearization of Φp,qr with the map induced by Ψ: this makes sense since Ep,qr,an is a
OY an -module. We have

Ψp+r,q−r+1
r ◦ ν∗Y ∂p,qr = (∂′r)

p,q ◦Ψp,q
r (7.3)

where ∂p,qr , ∂′r are the respective differentials for E•, F•. Note that since νY is a flat morphism of ringed spaces, we
have ν∗Y (ker ∂p,qr ) = ker ν∗Y ∂

p,q
r and likewise for the image. Thus, the Ψp,q

r are all determined from Ψp,q
1 by passing to

appropriate subquotients.
Then, for r = 1, we have a commutative diagram:

ν−1
Y Rqf∗E p

Φp,q1 //

��

Rqfan
∗

(
ν−1
X E p

)
��

ν∗YR
qf∗E p

Ψp,q1

((

ρ
// Rqfan

∗
(
ν∗XE p

)
'
��

Rqfan
∗ (F p)

Here, ρ is the unique morphism making the diagram commute. Since the natural base change morphism

(Rqf∗E
p)an → Rqfan

∗
(
(E p)an

)
also has this property, this must coincide with ρ. Now, a relative version of the GAGA theorem (see [20, Exposé XII,
Théorème 4.2]) says that for any proper map f : X → Y of finite-type C schemes and any coherent sheaf F on X , the
natural base change morphism

(Rqf∗F )an → Rqfan
∗ (F an)

is an isomorphism. This implies that ρ, and therefore Ψp,q
1 , is an isomorphism. Since Ψp,q

1 commutes with differentials
and determines Ψp,q

r by passing to the various subquotients, this implies that Ψp,q
r is an isomorphism for all r ≥ 1. In

particular, we get an isomorphism for r =∞:

Ψi
∞ : (Rif∗(E

•))an ∼−→ Rifan
∗ (F •)

�

As an immediate consequence of Propositions 7.4 and 7.5, we get:

Theorem 7.6. Let f be a proper morphism of locally finite type C-schemes. Then the natural base change maps are
isomorphisms:

(i)
(ΩpX/Y )an ∼−→ ΩpXan/Y an

(ii)
(Rqf∗Ω

p
X/Y )an ∼−→ Rqfan

∗ ΩpXan/Y an
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(iii)
HidR(X/Y )an ∼−→ HidR(Xan/Y an)

Furthermore, the isomorphisms in (ii) respect the differentials in the Hodge-de Rham spectral sequences
(3.2), and the isomorphisms in (iii) are induced via the isomorphisms in (ii) and the Hodge-de Rham spectral
sequences.

Now, we deduce

Theorem 7.7. Let f : X → Y be a proper smooth morphism of complex-analytic spaces which arises as the analytifi-
cation of a proper smooth morphism of locally finite type C-schemes. Then the Hodge-de Rham spectral sequence for
X over Y degenerates at E1, and the sheaves Rqf∗Ω

p
X/Y are vector bundles whose formation commutes with arbitrary

base change.

Note that we could either apply Theorem 7.6 to the conclusion of Theorem 7.3 or to the hypothesis of Proposition 7.2
via Theorem 7.1. In particular, the Hodge filtration onHp+qdR (X/Y ) consists of subbundles with locally free associated
graded pieces F ilp = Rqf∗Ω

p
X/Y , and this filtration commutes with arbitrary base change on Y . In particular, it

induces the Hodge filtration F ilpy ⊆ Hp+q
dR (Xy/C) on fibers. Thus, if f : X → Y is the analytification of a smooth

proper morphism of smooth C-schemes locally of finite type, we can apply the constructions of §6 to obtain a period
map, defined on any simply-connected open neighborhood Ω 3 y0 of an arbitrary y0 ∈ Y :

Definition 7.8. Let f : X → Y be a smooth proper morphism of complex manifolds which arises as the analytification
of a smooth proper morphism of smooth C-schemes. For a simply-connected open neighborhood Ω∞ 3 y0 of some
point y0 ∈ Y , the complex-analytic period map F∞ : Ω∞ → Gr(Hi

dR(Xy0/C), d•) is the period map associated to the
vector bundleHidR(X/Y ) with the integrable connection∇GM,an and the Hodge filtration F il• ⊆ HidR(X/Y ). We
also define Z∞ ⊆ Gr(Hi

dR(Xy0/C), d•) to be the Zariski closure of the image of F∞.

Note that by Proposition 6.5, the isomorphism Rif∗C⊗C OY
∼−→ HidR(X/Y ) defining the analytic Gauss-Manin

connection induces exactly the de Rham comparison isomorphism Hi(Xy,C)
∼−→ Hi

dR(Xy/C) on fibers at y. Thus, for
connected Y , the monodromy action of π1(Y, y0) on Hi

dR(Xy0/C) is exactly the image of the topological monodromy
action of π1(Y, y0) on Hi

sing(Xy0/C) ' Hi(Xy0 ,C) = (Rif∗C)y0 under the de Rham comparison isomorphism.
Thus, by Corollary 6.7, we have:

Theorem 7.9. Let Γ be the Zariski-closure of the image of the topological monodromy action of π1(Y, y0) on
Hi

sing(Xy0 ,C). Then
Γ · F∞(y0) ⊆ Z∞

where Γ acts on Gr(Hi
dR(Xy0/C), d•) via the de Rham comparison isomorphism Hi(Xy0 ,C)

∼−→ Hi
dR(Xy0/C).

8. CRYSTALLINE COHOMOLOGY AND p-ADIC HODGE THEORY

Let’s return to our original setting: f : X → Y is a smooth proper morphism of smooth varieties over a number field
K. We spread out X,Y , and f to a smooth proper map f : X → Y of smooth schemes X ,Y over O := OK,S for some
finite set of places S. By Theorem 7.3, the relative de Rham cohomologyHidR(X/Y ) on the K-scheme Y is filtered
by sub-bundles F il• with locally free associated graded pieces Ri−pf∗Ωp, and the formation of all of these commutes
with base change. Thus, perhaps by enlarging S, we can arrange that the Ri−pf∗Ω

p
X/Y are locally free sheaves on Y

which comprise the associated graded pieces of a filtration onHidR(X/Y) by sub-bundles, and that the formation of all
of these commutes with base change. Finally, we enlarge S so that it contains all places which are ramified over Q.
Choosing some v 6∈ S, we can localize the above picture at v, so we have a smooth proper map f : Xv → Yv of smooth
Ov := OKv -schemes.

In this section, we will see how comparison with crystalline cohomology determines a canonical identification of
HidR((Xv)y/Kv) with HidR((Xv)y0/Kv) for all y ∈ Y(Ov) which are congruent to y0 mod v, analogous to the fact
that comparison with singular cohomology identifies nearby fibers ofHidR(X/Y ) in the complex-analytic case. Then
we will use p-adic Hodge theory to bound the image of Y(O) under the resulting v-adic period map.

Crystalline cohomology theory is a site-theoretic cohomology theory in positive characteristic: given a smooth
proper scheme Z0 over a perfect field k of characteristic p > 0, its degree-i crystalline cohomology Hi

cris(Z0/W (k))
is a finitely generated module over the ring of Witt vectors W(k). Unlike étale cohomology with p-adic coefficients,
crystalline cohomology provides a p-adic “Weil cohomology theory” satisfying the expected formalism (e.g. Poincaré
duality, the Künneth formula, the Lefschetz fixed-point theorem, etc.). In particular, if Z0 arises as the reduction mod
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p of a smooth proper W (k)-scheme Z, the W (k)-rank of Hi
cris(Z0/W (k)) is equal to the i-th Betti number of the

C-fiber of Z. It is a non-trivial theorem to show that crystalline cohomology is functorial. In particular, the relative
Frobenius morphism FZ0/k determines a semilinear endomorphism of the crystalline cohomology which becomes an
isomorphism after inverting p. See [14] for a survey of some of the main ideas and results surrounding crystalline
cohomology, [3] for a longer introduction, and [2] for an in-depth treatment of the foundations of the theory.

We have the essential theorem relating crystalline and de Rham cohomology (using crucially that Kv is unramified
over Qp, so Ov = W (k(v))):

Theorem 8.1. For f : Z → Spec Ov a smooth proper morphism withKv-fiber Z and k(v)-fiber Z0, there is a canonical
Kv-linear isomorphism:

Hi
dR(Z/Kv)

∼−→ Hi
cris

(
Z0/W(k(v))

)
[1/p]

This lets us define:

Definition 8.2. Let f : Z → Spec Ov be a smooth proper morphism with generic fiber Z. The crystalline Frobenius
automorphism φ of Hi

dR(Z/Kv) is the semilinear automorphism induced by Frobenius via

Hi
dR(Z/Kv)

∼−→ Hi
cris

(
Z0/W(k(v))

)
[1/p]

Since crystalline cohomology is defined intrinsically to the special fiber Z0, we see that the pair (Hi
dR(Z/Kv), φ)

only depends on Z0. Now, fix some y0 ∈ Y(Ov) ⊆ Y (Kv). Let X0 → Spec k(v) be the special fiber of Xy0 . Consider
the residue disc Ωv 3 y0:

Ωv :=
{
y ∈ Y(Ov) | y ≡ y0 (mod v)

}
The meaning of the condition that y ≡ y0 (mod v) is that after pullback along Spec k(v) → Spec Ov, y and y0

determine the same point of Y(k(v)). For y ∈ Ωv , consider the diagram:

Hi
dR(Xy0/Kv)

Φy0,y

��

))

Hi
cris

(
X0/W(k(v))

)
[1/p]

Hi
dR(Xy/Kv)

55

Here, the diagonal maps are the crystalline comparison isomorphisms, and the vertical map Φy0,y is defined to be the
unique map making the diagram commute. (Theorem 11.5 will do the serious work of identifying Φy0,y with the effect
of a “Kv-analytic connection”.) By construction, Φy0,y commutes with the crystalline Frobenius automorphisms on
both sides. Let φ denote the crystalline Frobenius automorphism of Hi

dR(Xy/Kv).
This allows us to define:

Definition 8.3. The non-archimedean period map Fv : Ωv → Gr(Hi
dR(Xy0/Kv), d

•) is the map sending y ∈ Ωv to
the filtration

Φ−1
y0,y(F il•y)

on Hi
dR(Xy0/Kv), where F il•y is the Hodge filtration on Hi

dR(Xy/Kv).

Right now, this is just a map of sets: we have not yet shown that this period map is analytic. However, this description
of Fv is the one which will let us bound the image of Fv on Y(OK,S) ∩ Ωv. To do this, we use the “crystalline
comparison isomorphism” from p-adic Hodge theory (expressed in the language of deRham cohomology):

Theorem 8.4. There is a full and faithful embedding of categories Dcris from the category of crystalline representations
of GKv to the category of finite-dimensional Kv-vector spaces equipped with a bijective Frob−1

v ⊗Qp
1-semilinear

endomorphism φ and a Kv-linear filtration Fil•. Moreover, if X → Spec(Ov) is a smooth and proper morphism,
the natural representation of GKv on p-adic étale cohomology Hi

et(XKv
,Qp) is crystalline, and we have a natural

isomorphism:
Dcris(H

i
et(XKv

,Qp))
∼−→ (Hi

dR(X/Kv), φ,Fil•)

where φ is the crystalline Frobenius and Fil• is the Hodge filtration.

Recall Faltings’ Lemma:
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Lemma 8.5 (Faltings). Fix a number field K, a finite set S of places of K, and positive integers w, d. Then there are
only finitely many isomorphism classes of d-dimensional semi-simple representations of GK which are unramified
outside of S and which are pure of weight w.

Let T ⊆ Ωv denote the set of points y ∈ Ωv ∩ Y(OK,S) such that the global Galois representation ρy :=
Hi

dR((Xy)K ,Qp) is semisimple. Combining Theorem 8.4 and Lemma 8.5, we get:

Proposition 8.6. There is a finite set of points y1, . . . , yN ∈ T such that for any y ∈ T , we have

(Hi
dR(Xy/Kv), φy,Fil•y) ' (Hi

dR(Xyj/Kv),Φyj ,Fil•yj )

for some j = 1, . . . , N .

Proof. For y ∈ Y(OK,S), the O-scheme Xy is smooth and proper. Thus, we may apply smooth and proper base change
to see that ρy = Hi

dR((Xy)K ,Qp) is unramified away from S and is pure of weight i by the Weil conjectures. By
the Artin comparison theorem, its dimension is equal to the i-th Betti number of the topological space Xy(C). This
does not depend on y (inside one of the finitely many connected components of Y ) due to the Ehresmann fibration
theorem and homotopy invariance of singular cohomology. By Lemma 8.5, there is some finite set ρ1, . . . , ρN of
GK-representations such that if ρy is additionally supposed to be semisimple, then ρy ' ρj for some j = 1, . . . , N .
Letting (Vj , φj ,Fil•j ) = Dcris(ρj |GKv ), we can apply Theorem 8.4 to see that if ρy ' ρj , then

(Hi
dR(Xy/Kv), φy,Fil•y) ' Dcris(ρy|GKv ) ' Dcris(ρj |GKv ) = (Vj , φj ,Fil•j )

Thus, the set of isomorphism classes of (Hi
dR(Xy/Kv), φy,Fil•y) for y ∈ T is finite. �

Now choose some y ∈ T and let ρ : (Hi
dR(Xy/Kv), φy,Fil•y) ' (Hi

dR(Xyj/Kv), φyj ,Fil•yj ) be an isomorphism
for some j. Consider the diagram

Hi
dR(Xy/Kv)

ρ
// Hi

dR(Xyj/Kv)

Hi
dR(Xy0/Kv)

τ //

Φy0,y

OO

Hi
dR(Xy0/Kv)

Φy0,yj

OO
(8.1)

Here, τ is the unique automorphism of Hi
dR(Xy0/Kv) making the diagram commute. Now, since ρ commutes with

the crystalline Frobenius maps on either side by assumption and the Φ maps commute with the crystalline Frobenius
maps on either side by definition, we see that τ must commute with the semilinear endomorphism φ. In particular,
τ must commute with the Kv-linear endomorphism φ[Kv :Qp] ∈ GL(Hi

dR(Xy0/Kv))(Kv). This says exactly that τ
is contained in the Kv-points of the centralizer Z(φ[Kv:Qp]) ⊆ GL(Hi

dR(Xy0/Kv)), which is an algebraic subgroup
defined over Kv .

Now, let fj ∈ Gr(Hi
dR(Xy0/Kv), d

•)(Kv) be Fv(yj). This is the filtration Φ−1
y0,yj (Fil•yj ) on Hi

dR(Xy0/Kv). By
looking at (8.1) and using the fact that ρ commutes with filtrations, we see that

τ−1(fj) = Φ−1
y0,y(ρ−1(Fil•yj )) = Φ−1

y0,y(Fil•y) =: Fv(y)

We have proved the following theorem:

Theorem 8.7. There is a finite set f1, . . . , fn ∈ Gr(Hi
dR(Xy0/Kv), d

•)(Kv) such that the image of T under the
non-archimedean period map Fv is contained in Z(φ[Kv :Qp]) · fi.

Note that since Z(φ[Kv:Qp]) is a Zariski-closed algebraic subgroup of GL(Hi
dR(Xy0/Kv)), Theorem 8.7 implies

that the dimension of the Zariski closure of Fv(T ) is at most the dimension of Z(φ[Kv:Qp]).

9. ALGEBRAIC GAUSS-MANIN CONNECTION

So far, we have constructed two different “period maps”: the complex-analytic period map F∞, defined on an
analytic disc Ω∞ ⊆ Y (C), and the non-archimedean “period map” (so far, just a map of sets) Fv , defined on a residue
disc Ωv ⊆ Y(Ov) ⊆ Y (Kv). We would like to relate these, and in order to do so, we need an algebraic construction
to communicate between them. The first step is to give an algebraic definition of the Gauss-Manin connection on
(algebraic) relative de Rham cohomology, and to study how it behaves under analytification.

Let f : X → Y be a smooth morphism of smooth schemes over a ring K. We will equip the quasi-coherent de Rham
cohomologyHidR(X/Y ) with a canonical integrable connection∇GM : HidR(X/Y )→ Ω1

Y/K ⊗OY HidR(X/Y ). This
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construction will work verbatim in the complex-analytic category, where f is a smooth morphism of complex-analytic
manifolds (and K = C).

Consider the natural maps ψqp : f−1ΩpY/K ⊗f−1OY ΩqX/K → Ωp+qX/K given by composition of the canonical map
f−1ΩpY/K → ΩpX/K with the wedge product. We define a filtration Fil• of Ω•X/K by subcomplexes of OX -modules
with Filp ΩqX/K = im(ψqp). We note that the differentials on Ω•X/K preserve the filtration, because:

dX/K(f−1ω∧η) = dX/K(f−1ω)∧η+(−1)pf−1ω∧dX/K(η) = f−1(dY/Kω)∧η+(−1)pf−1ω∧dX/K(η) (9.1)

The first term on the right is in Filp+1 and the second term is in Filp. This induces a filtration of the OY -module
Rif∗(Ω

•
X/K)

Since f : X → Y is smooth, we have a short exact sequence of sheaves on X:

0→ f∗Ω1
Y/K → Ω1

X/K → Ω1
X/Y → 0

Since Ω1
X/Y is locally free on X (as X is Y -smooth), this sequence is even split locally on X . This lets us show that

ψp induces a commutative diagram

f−1ΩpY/K ⊗f−1OY ΩqX/K

��

// Filp Ωp+qX/K

��

f−1ΩpY/K ⊗f−1OY ΩqX/Y
' // grpΩp+qX/K

with the lower map an isomorphism and the vertical maps the canonical projections. By (9.1), we see that this
identification determines an isomorphism of complexes:

f−1ΩpY/K ⊗f−1OY Ω•X/Y [−p]→ grpΩ•X/K (9.2)

Now, there is a spectral sequence associated to the filtered complex Ω•X/K ;

Ep,q1 = Rp+qf∗(grpΩ•X/K)⇒ grpRp+q
(

Ω•X/K

)
(9.3)

We can compute the E1 page more clearly using (9.2):

Ep,q1 = Rp+qf∗(grpΩ•X/K)

∼←− Rp+qf∗

(
f−1ΩpY/K ⊗f−1OY Ω•X/Y [−p]

)
= Rqf∗

(
f−1ΩpY/K ⊗f−1OY Ω•X/Y

)
∼←− ΩpY/K ⊗OY Rqf∗(Ω

•
X/Y )

= ΩpY/K ⊗OY H
q
dR(X/Y )

where the isomorphism in the second-to-last line uses that since Y/K is smooth, ΩpY/K is locally free on Y .
The differentials on the E1-page determine a complex of sheaves of K-modules:

HqdR(X/Y )
∂0,q
1 // Ω1

Y/K ⊗OY H
q
dR(X/Y ) // Ω2

Y/K ⊗OY H
q
dR(X/Y )→ · · ·

We define:

Definition 9.1. For X,Y be either smooth schemes over a ring K or complex-analytic manifolds, and let f : X → Y
be a smooth morphism. Then the algebraic Gauss-Manin connection is the map of abelian sheaves

∇GM = ∂0,q
1 : HqdR(X/Y )→ Ω1

Y/K ⊗OY H
q
dR(X/Y )

determined from the spectral sequence (9.3).

Proposition 9.2. Under the hypotheses above, the map of abelian sheaves ∇GM is an integrable connection: that is,
∇GM satisfies the Leibniz rule and∇ ◦∇ = 0.

Proof. See [16]: the argument applies equally well in the complex-analytic case (in which case∇GM is not a priori the
same as∇GM,an as defined earlier; we call the former the “algebraic” Gauss-Manin connection). �
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Proposition 9.3. For any map ι : T → Y of K-schemes in characteristic zero or complex-analytic spaces, the algebraic
Gauss-Manin connection∇GM forXT → T may be identified with the pullback connection ι∗∇ under the isomorphism
ι∗HidR(X/Y )

∼−→ HidR(XT /T ) (as in Theorem 7.3). More precisely, the following diagram commutes

ι−1HidR(X/Y )

��

ι−1∇GM // ι−1
(

Ω1
Y/K ⊗OY HidR(X/Y )

)
��

HidR(XT /T )
∇GM // Ω1

T/K ⊗OT HidR(XT /T )

where the vertical maps are the canonical base change maps.

Proof. The proof may be copied verbatim from that of Proposition 10.2 below. (Since analytification might be a less
familiar operation to the reader than base change for schemes, we decided to write the latter proof out in detail). �

10. COMPATIBILITY OF THE ALGEBRAIC GAUSS-MANIN CONNECTION WITH THE ANALYTIC THEORIES

Consider a smooth proper map of smooth OK,S-schemes f : X → Y , and choose some y0 ∈ Y(OK,S). The
algebraic Gauss-Manin connection∇GM determines a system of partial differential equations on some affine open of Y
containing y0. We will show that this system has solutions on sufficiently small analytic neighborhoods of y0 in both
the complex manifold Y an

C = Y (C) and the Kv-analytic manifold Y an
Kv

= Y (Kv) (in the sense of [19, Part II, Ch. III]).
In addition, we will show that these solutions are compatible with the constructions of the analytic period maps in §7
and §8.

As a first step, we need to check that the construction of ∇GM is compatible with ∇GM,an from Theorem 7.6. In
order to do this, we define the analytification of a connection:

Definition 10.1. Let Z be a C-scheme which is locally of finite type, and let (E ,∇) be a vector bundle on Z with
connection. Then the analytification of E is the unique connection ∇an on E an such that the following diagram
commutes:

ν−1E
ν−1∇ //

��

ν−1Ω1
Z/C ⊗ν−1OZ ν

−1E

��

(Ω1
Z/C)an ⊗OZan E an

'
��

E an ∇an
// Ω1
Zan/C ⊗OZan E an

where ν is the canonical map of ringed spaces Zan → Z, so F an := ν∗F for a coherent sheaf F on Z. The second
vertical map comes from the isomorphism of Proposition 7.4.

The proof of Proposition 5.4 carries over verbatim to show that the analytification of a connection always exists.
Now, we can ask whether the analytification of the algebraic Gauss-Manin connection for a map f : X → Y of smooth
C-schemes is the “algebraic” Gauss-Manin connection defined for the analytification fan : Xan → Y an.

Proposition 10.2. Let f : X → Y be a smooth morphism of smooth C-schemes, and let ∇GM be the algebraic
Gauss-Manin connection onHidR(X/Y ). Then we have a commutative diagram:

HidR(X/Y )an

��

(∇GM)an
// Ω1
Xan/Y an ⊗OY an HidR(X/Y )an

��

HidR(Xan/Y an)
∇GM // Ω1

Xan/Y an ⊗Oan
Y
HidR(Xan/Y an)

(10.1)

where the vertical maps are the natural base change maps.

Note that Theorem 7.6 says that the vertical maps are isomorphisms when f is also assumed to be proper.
In order to see the concrete meaning of this theorem, we choose a trivialization of the locally free sheavesHqdR(X/Y )

and Ω1
Y/C Zariski-locally on Y . Let e1, . . . , en be a basis of HqdR(X/Y ) and z1, . . . , zm local coordinates on Y , so
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dz1, . . . , dzm form a basis of Ω1
Y/C. Suppose that f : X → Y is proper, so the vertical maps in (10.1) are isomorphisms.

Thus, we can use the images under analytification of these sections as bases for the analytic sheaves as well. Let Γjik be
the Christoffel symbols for the algebraic Gauss-Manin connection∇GM onHidR(X/Y ). Then, the commutativity of
(10.1) says exactly that

∇GM(ean
j ) = (∇GM)an(ej) =

∑
i,k

(Γji,k)anean
i ⊗ dzan

k

Thus, the meaning of Proposition 10.2 is exactly that the (Γjik)an are the Christoffel symbols for the “algebraic”
Gauss-Manin connection on HidR(Xan/Y an). In other words, the differential equation defined by (∇GM)an agrees
with that defined by∇GM: in particular, the latter has “algebraic” coefficients (when expressed via an algebraic basis
for HqdR(Xan/Y an) and Ω1

Y an/C). This generalizes the fact that the coefficients of the Picard-Fuchs equations (1.1)
from §1 are regular functions on A1

C − {0, 1}.

Proof. For ν : Xan → X , we have a commutative diagram of sheaves of ν−1OX -modules on Xan, where the rows are
exact (by exactness of ν−1).

0 // ν−1
(
f∗(Ω1

Y/C)
)

//

��

ν−1(Ω1
X/C) //

��

ν−1(Ω1
X/Y ) //

��

0

0 // (fan)∗Ω1
Y an/C

// Ω1
Xan/C

// Ω1
Xan/Y an

// 0

(10.2)

Here, the vertical maps are those given in Proposition 7.4.
Commutativity of the diagram follows from the fact that all maps shown are characterized uniquely by their effects

on the corresponding derivations. For example, the map f∗(Ω1
Y/C) → Ω1

X/C is the unique map of OX -modules
sending f∗dY/C(s) to dX/C(f#(s)) for s a section of OY . On the other hand, the map (fan)∗Ω1

Y an/C → Ω1
Xan/C is

the unique map of OXan -modules sending f∗dY an/C(s) to dXan/C((fan)#(s)). Thus, commutativity of the square on
the bottom left amounts to commutativity of:

f−1OY
f#

//

f−1ν#

��

OX
dX/C

//

ν#

��

Ω1
X/C

��

(fan)−1OY an

(fan)#
// OXan

dXan/C
// Ω1
Xan/C

Commutativity of the square on the left is part of the definition of fan, and commutativity of the square on the right is
required by the definition of the map on the right (see 7.4). Commutativity of the square on the lower right is similar.

Now, commutativity of (10.2) implies that we have commutative diagrams for each p, q, where the vertical maps are
the analytification base change maps:

ν−1
(
f−1ΩpY/C ⊗f−1OY ΩqX/C

)
��

ψqp
// ν−1

(
Ωp+qX/C

)
��

(fan)−1ΩpY an/C ⊗f−1OY an ΩqXan/C

ψqp
// Ωp+qXan/C

Thus, the natural analytification map of complexes ν−1Ω•X/C → Ω•Xan/C respects the filtrations given by the images
of ψp on either side. Now, the map ν−1Ω•X/C → Ω•Xan/C of filtered complexes induces a map of spectral sequences.
In particular, we have commutative diagrams

ν−1Rqf∗

(
gr0 Ω•X/C

) ν−1∂0,q
1 //

��

ν−1Rq+1f∗

(
gr1 Ω•X/C

)
��

Rqfan
∗

(
gr0 Ω•Xan/C

) ∂0,q
1 // Rq+1fan

∗

(
gr1 Ω•Xan/C

)
(10.3)
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Next, by appealing to (10.2) again, studying the definition of (9.2), and passing to higher direct images, we get another
commutative diagram for each p ≥ 0:

ν−1Rqf∗

(
f−1ΩpX/C ⊗f−1OY Ω•X/Y

)
' //

��

ν−1Rp+qf∗

(
grp Ω•X/C

)
��

Rqfan
∗

(
f−1ΩpY an/C ⊗(fan)−1OY an Ω•Xan/Y an

)
' // Rp+qfan

∗

(
grp Ω•Xan/C

)
(10.4)

In addition, it is easy to see that the following diagram commutes by the naturality of the horizontal maps:

ν−1

(
ΩpX/C ⊗OY Rqf∗

(
Ω•X/Y

))
' //

��

ν−1Rqf∗

(
f−1ΩpX/C ⊗f−1OY Ω•X/Y

)

��

ΩpXan/C ⊗OY an Rqfan
∗

(
Ω•Xan/Y an

)
' // Rqfan

∗

(
f−1ΩpY an/C ⊗(fan)−1OY an Ω•Xan/Y an

)
(10.5)

Pasting together (10.3), (10.4), and (10.5) and recalling the definition of the algebraic Gauss-Manin connections, we
finally get the desired commutative diagram (the content being that the outer rectangle commutes - given this, the map
in the middle is defined to be the unique connection making the middle square commute, and this implies the lower
square commutes):

ν−1

(
Rqf∗

(
Ω•X/Y

))
ν−1∇GM //

��

ν−1

(
Ω1
X/C ⊗OY Rqf∗

(
Ω•X/Y

))

��

Rqf∗

(
Ω•X/Y

)an

��

(∇GM)an
// Ω1
Xan/C ⊗OY an Rqf∗

(
Ω•X/Y

)an

��

Rqfan
∗

(
Ω•Xan/Y an

) ∇GM // Ω1
Xan/C ⊗OY an Rqfan

∗

(
Ω•Xan/Y an

)
�

We have shown that the “algebraic” Gauss-Manin connections onHidR(X/Y ) andHidR(Xan/Y an) are compatible
via analytification, so we may now work entirely in the complex-analytic category. However, more work must be done:
we need to see that the “algebraic” Gauss-Manin connection onHidR(Xan/Y an) agrees with the analytic Gauss-Manin
connection defined via the relative de Rham comparison isomorphism in Definition 6.1.

Theorem 10.3. Let f : X → Y be a smooth proper morphism of complex-analytic manifolds. Then, the complex-
analytic Gauss-Manin connection∇GM,an onHidR(X/Y ) is equal to the “algebraic” Gauss-Manin connection∇GM

onHidR(X/Y ).

Proof. By the Riemann-Hilbert correspondence (Theorem 6.2), it suffices to prove that ker∇GM = ker∇GM,an as
locally constant sheaves on Y an. In fact, since the latter is the locally constant subsheaf Rif∗C ofHidR(X/Y ) with
C-dimension equal to the rank ofHidR(X/Y ), it suffices to show that Rif∗C ⊆ ker∇GM. To do this, we look at the
spectral sequence defining ∇GM more closely. Applying the Poincaré Lemma 4.1 to X/C, we see that we have a
quasi-isomorphism of complexes of abelian sheaves on X:

C→ Ω•X/C (10.6)

Giving C the trivial filtration with Fil0 C = C and FilpC = 0 for p > 0 and giving Ω•X/C the filtration as constructed
in §9, these maps are compatible with filtrations on the respective complexes. In particular, passing to the associated
graded pieces and applying the isomorphisms (9.2), we get the natural inclusion

C→ Ω•X/Y

in degree 0 and the zero map in higher degrees.
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Since we have maps of filtered complexes, we obtain maps of the hypercohomology spectral sequences for Rf∗. In
particular, looking at the E1-page at p = 0 and p = 1, we have a diagram

Rqf∗
(
gr0 C

)
= Rqf∗C //

��

Rqf∗

(
gr0 Ω•X/C

)
∂0,q
1

��

' // Rqf∗

(
Ω•X/Y

)
∇GM

��

Rq+1f∗
(
gr1 C

)
= 0 // Rq+1f∗

(
gr1 Ω•X/C

)
' // Ω1

Y/C ⊗OY Rqf∗

(
Ω•X/Y

)
where the horizontal maps in the square on the right are the natural isomorphisms, and the map across the top is the
map coming from the inclusion C→ Ω•X/Y . Thus, we see that∇GM kills the image of Rqf∗C in the relative de Rham
cohomology, so we are done. �

11. THE FORMAL AND NON-ARCHIMEDEAN PERIOD MAPS

We return to the algebraic setting: f : X → Y is a smooth proper map of smooth schemes over the ring of S-integers
O of a number field K. By Theorem 7.3, the relative de Rham cohomology HidR(X/Y ) is a vector bundle on Y ,
filtered by sub-bundles Rqf∗Ω

p
X/Y , and the formation of all of these commutes with arbitrary base change on Y . Thus,

by enlarging S if necessary, we may assume that eachHidR(X/Y) is a locally free OY -module with its Hodge filtration
F il consisting of locally free subsheaves with p-th graded piece coming from Ri−pf∗Ω

p
X/Y , and that the formation

all of these commute with base change on Y (by the theorem on cohomology and base change, this last assertion is a
consequence of the others). The construction of the algebraic Gauss-Manin connection given in §9 was over a general
base ring, so we have a O-linear Gauss-Manin connection on Y .

∇GM : HidR(X/Y)→ Ω1
X/Y ⊗OY HidR(X/Y)

In this section, we will show that the differential equations corresponding to ∇GM(s) = 0 can be solved in the
completed local ring ÔY,y0,K ' K[[t1, . . . , tn]] for any y0 ∈ Y(O(v)) for the “algebraic” localization O(v) ⊂ K of O
at v, and that these power series solutions converge in the Kv-analytic topology on the residue disc Ωv 3 y0. These
solutions determine a formal-algebraic “period map” Fformal as well as a Kv-analytic map agree on points with the
map of sets Fv defined by Definition 8.3 (so Fv is Kv-analytic, not just a map of sets). Finally, we will show that if
y ∈ Y(O(v)) then the formal power series germ of the complex-analytic period map F∞ at y0 is equal to Fformal. We
will then be able to conclude that the dimensions of the Zariski closures of F∞, Fv , and Fformal all agree!

Choose some y0 ∈ Y(O(v)) and a connected affine open neighborhood U ⊆ YO(v)
around its closed point with

an étale O-map U → An
O sending y0 to 0 (as always exists by general basic facts concerning the Zariski-local

structure of smooth morphisms of schemes). This presentation determines a basis dt1, . . . , dtn ∈ Γ(U,Ω1
U/O(v)

) for
the free OU -module Ω1

U/O(v)
. By possibly shrinking U again, we may assume that each piece of the filtration F ilp on

HidR(XU/U) as well as its associated graded pieces Ri−pf∗Ω
p
XU/U are all free. Let d• be the sequence of ranks of the

free F ilp sub-bundles. Choose a basis e1, . . . , er ∈ Γ(U,HidR(X/Y)) which is compatible with this filtration. This
means that for each p = 0, . . . , i, the subquotients Ri−pf∗Ω

p
XU/U ofHidR(XU/U) is freely spanned by the images of

edp+1+1, . . . , edp . Define an O(v)-scheme Gr as

Gr := Gr(HidR(Xy0/O), d•)

With respect to this basis and the coordinates ti, we write

∇GM(ej) =
∑
i,k

Γki,j dtk ⊗ ei

for uniquely determined Γki,j ∈ Γ(U,OU ). Now, a general section s ∈ Γ(U,HidR(X/Y)) may be written uniquely as
s =

∑
i siei for si ∈ Γ(U,OU ), so the condition ∇GM(s) = 0 becomes the system of algebraic partial differential

equations
∂si
∂tk

+

r∑
j=1

Γki,j · sj = 0 (11.1)

for i = 1, . . . , r and k = 1, . . . , n.
Now, consider any of the following three maps of O(v)-schemes ι : T → U ⊆ Y: take T to be U , UC (using a fixed

choice of embedding K ↪→ C), and Spec(O∧Y,y0) (formal completion along the O(v)-point y0, not along its closed
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point, so this is a formal power series ring over O(v) rather than over the v-adic completion Ov). We may identify
HidR(XT /T ) with ι∗HidR(X/Y) by Theorem 7.3 and identify the connection ∇GM for XT → YT with the pullback
connection ι∗∇GM by Proposition 9.3, where for T = Spec(O∧Y,y0) we work with Ω̂1

T/O(v)
(so really use a “formal

connection”). In particular, the pullbacks ι∗ei form a basis for HidR(XT /T ), and for any open V ⊆ T the condition
that∇(s) = 0 for s =

∑
j sj ι

∗ej with sj ∈ Γ(V,OV ) is the system of partial differential equations

∂si
∂tk

+

r∑
j=1

ι#(Γki,j) · sj = 0

where ι# is the map Γ(U,OU )→ Γ(T,OT )→ Γ(V,OV ) coming from ι. (Note that we do not require T → U to be
étale, so it might not be the case that the pullbacks of the dtk’s are a basis of Ω1

T/K). Also, since formation of flag
schemes commutes with base change (essentially by definition), for any map Z → Spec O , we have

GrZ ' Gr(Hi(XZ/Z), d•)

Now, choice some embedding O ↪−→ C and let YC be the base change of Y along this embedding. This choice will
never change, so we suppress it from the notation. Write fan : Xan

C → Y an
C for the analytification of this C-fiber of f .

By Proposition 10.2 and Theorem 10.3, the solutions in some Ω ⊆ Uan
C to the system of partial differential equations

(11.1) are exactly those s =
∑
j sjej ∈ HidR

(
(XC)an)Ω/Ω

)
(Ω) such that s is in the image of the natural map

Rifan
∗ C (Ω)→ HidR

(
(XC)an)Ω/Ω

)
(Ω)

As in §6, when Ω is simply connected, there is a unique solution sα ∈ HidR

(
(XC)an)Ω/Ω

)
(Ω) of (11.1) on Ω such

that sα(y0) is a chosen element

α ∈ HidR((XC)an
Ω /Ω)(y0) = Hi

dR

(
(Xan

C )y/C
)

= Hi
dR

(
(Xy0)an

C /C
)

In this language, the isomorphism

∇y0 : Hi
dR

(
(Xan

C )y0/C
)
⊗C OΩ

∼−→ HidR

(
(Xan

C )Ω/Ω
)

of (6.2) is the map α⊗ t 7→ t · sα, and for y ∈ Ω the “parallel transport” isomorphism

∇y0,y : Hi
dR

(
(Xan

C )y0/C
) ∼−→ HidR

(
(Xan

C )y/C
)

of (6.3) is the map α 7→ sα(y).
We aim to mimic this story over the local ring ÔY,y0 as well as in a residue disc Ωv ⊆ Y(Ov). The fact that lets us

do this is the following theorem:

Theorem 11.1. Let K be a noetherian Q-algebra, and let V be a free module over a ring A = K[[t1, . . . , tn]] of formal
power series with coefficients in K. Then if ∇ : V → V ⊗A Ω̂1

A/K is a (t1, . . . , tn)-adically continuous integrable
connection, the natural map

(ker∇)⊗K A→ V

is an isomorphism, with ker∇ free over A/(t1, . . . , tn) = K.

The condition that ∇ be (t1, . . . , tn)-adically continuous is automatic when ∇ is pulled back from a connection on
some smooth scheme over K as in our application. It is equivalent to requiring that there is an A-basis of V such that
∇ has the form (11.1) (with respect to the elements dt1, . . . , dtn ∈ Ω̂1

A/K).

Proof. This is [15, Proposition 8.9]. We give an alternative proof in Theorem C.2. �

Moreover, we can prove that if ∇ is defined with coefficients which are convergent, then the basis of solutions at 0
are also convergent. More precisely, we have

Theorem 11.2. LetK be a field complete with respect to a non-archimedean absolute value |·|with mixed characteristic
(0, p), and consider a system of linear partial differential equations of the form

∂si
∂tk

=

r∑
j=1

mk
i,jsj (11.2)

with mk
i,j ∈ OK [[t1, . . . , tn]]. Then for any solution s = (s1, . . . , sn) to (11.2) in formal power series over K, it

converges on the polydisc
|tk| < |p|

1
p−1
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for k = 1, . . . , n.
More precisely, if α = (α1, . . . , αn) ∈ V = ⊕iKei is a given initial condition at the origin and maxi|αi| = C, the

unique solution

s =
∑

i1,...,in,j

(cji1,...,inej) · t
i1 · · · tin

of (11.2) with initial condition α satisfies

max
j
|cji1,...,in | ≤

|C|
|(i1)!(i2)! · · · (in)!|

Proof. This is Theorem C.3. �

In particular, letK is a finite extension of Qp with ramification degree e < p−1. If |t| < 1 then |t| ≤ |p| 1e < |p|
1
p−1 ,

so for such K the assumptions of the theorem imply that solutions converge on the open disc |tk| < 1.
Now, we can define the formal period map. Let A = ÔY,y0,K ' K[[t1, . . . , tn]] where the ti are local étale

coordinates for y0 ∈ U ⊆ YO(v)
over O(v) and let ι : SpecA → Y be the natural map. Consider the free A-

moduleHidR(XA/A) ' ι∗HidR(X/Y) with its formal Gauss-Manin connection obtained by composing ι∗∇GM with
Ω1
A/K → Ω̂1

A/K . The basis e1, . . . , er ofHidR(XU/U) determines a basis ofHidR(XA/A), and the Christoffel symbols
of∇∧y0,K with∇GM with respect to this basis and the tk’s are pulled back from the Christoffel symbols for∇GM on Y :
in particular, they are elements of A. Now, we can apply Theorem 11.1, which gives an isomorphism of A-modules

∇y0,K : Hi
dR(Xy0,K/K)⊗K A

∼−→ HidR(XA/A)(0)⊗K A
∼−→ HidR(XA/A) (11.3)

Now, we define

Definition 11.3. The formal period map is the map of K-schemes Fformal : SpecA→ GrK which corresponds to the
filtration∇−1

y0 (F il•) on Hi
dR(Xy0,K/K)⊗K A.

We want to describe this in coordinates for ease of translation into the Kv-analytic setting. To do this, we need to
analyze the process used to define Fformal from ∇y0 .

Given a K-vector space V with basis e1, . . . , er, we define a map of K-schemes Ψ: GLr → Gr(V, d•) which for
any K-algebra R sends an invertible r × r R-matrix D to the filtration

F ilp = span(D−1(e1), . . . , D−1(edp)) (11.4)

of the free R-module ⊕ri=1Rer = V ⊗K R. There are certain universal Z-polynomials Ψγ in the entries of D such
that the “standard” coordinates of Ψ with respect to the “standard” affine cover of Gr(V, d•) are given by ratios of the
Ψγ . The formation of this map Ψ and the Ψγ is obviously compatible with base change on K as well as with forming
complex or C-analytifications (i.e. the base change or C-analytification of Ψ is defined by the same universal property).

The formal period mapFformal is defined by applying this construction. We use the vector space V = Hi
dR(Xy0,K/K)

with the basis e1, . . . , er coming from the corresponding e1, . . . , er basis of Hi
dR(XU/U), chosen to be compatible

with the Hodge filtration. Then we define an r × r matrix D with entries in A by expressing the isomorphism

∇y0 : Hi
dR(Xy0,K/K)⊗K A

∼−→ HidR(XA/A)

in the basis e1, . . . , en. Thus, since F ilp = span(e1, . . . , edp), we see that

∇−1
y0 (F ilp) = span

(
D−1(e1), . . . , D−1(edp)

)
so

Fformal = Ψ ◦D (11.5)

where D : SpecA→ GLr is the map associated to D (i.e. its coordinates are the entries in D) .
Next, consider the Kv-analytic manifold Y an

Kv
associated to YKv . This is defined as the initial map of ringed spaces

from a Kv-analytic manifold with its sheaf of Kv-analytic functions to YKv , and can be constructed by gluing the
obvious analytifications of open subsets of an affine cover of YKv . ThenUan

Kv
is an open subset, and the étale presentation

ι : U → An
Ov

determined by the coordinates t1, . . . , tn defines local Kv-analytic isomorphism ιan : Uan
Kv
→ An,an

Kv
.

Now, Y(Ov) is naturally an open set of Y an
Kv

, with an open subset given by the residue disc

Ωv =
{
y ∈ Y(Ov) | y ≡ y0 mod v

}
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We claim that ιan|Ωv has image contained in the open unit polydisc

Bn =
{
y ∈ An,an

Kv
| |yi| < 1, i = 1, . . . , n

}
Indeed, since y0 ∈ U , we see that Ωv ⊆ U : a map from a local scheme to a scheme factors through an open subset if
and only if its closed point does. Since the étale map ι is defined as a map of O(v)-schemes U → An

O(v)
, we see that

if y ∈ Y(Ov) with y ≡ y0 mod v, then also ι(y) ∈ An(Ov) with ι(y) ≡ ι(y0) = 0 mod v. Thus, since ι(y0) = 0,
ιan maps Ωv to Bn. Moreover, the Kv-analytic inverse function theorem [19, Part II, Ch. III, §9] says ιan is a local
Kv-analytic isomorphism.

Now, since the Christoffel symbols for ∇GM with respect to the basis e1, . . . , er are contained in A, Theorem 11.2
implies that the entries of the matrix D defining the formal ∇y0 converge as power series in A ' K[[t1, . . . , tn]]
whenever |ti| < 1. Thus, they define “globally convergent” Kv-analytic functions on Bn, as defined in B.2. These pull
back to Kv-analytic functions on Ωv. We want to use the matrix D to define the Kv-analytic period map as in (11.5),
but first we need to check that D−1 makes sense on Ωv .

Each column of D defines a section dj :=
∑
i d
j
iej of HidR(X/Y) on Ωv. By construction, the power series dji

specify the unique formal solution dj ∈ HidR(XA/A) of the partial differential equations (11.1) such that dj(0) = ej .
By taking K-linear combinations, we may similarly define sections dα =

∑
i d
α
i ei of HidR(X/Y) on Ωv given by

power series dαi which converge on all of Ωv and which specify the unique formal solution of (11.1) with initial
condition α. We claim that the globally convergent functions dα on Bn are actually solutions to (11.1) on Bn, and thus
their pullbacks to Ωv are also solutions to (11.1). Indeed, define globally convergent Kv-analytic functions Dk,i(α) on
Bn to be

∂dαi
∂tk

+

r∑
j=1

Γji,k · dj (11.6)

where the partial derivatives ∂dαi
∂tk

of the globally convergent functions dαi are given on Bn by the formal partial
derivatives of the power series dαi ; these are globally convergent functions by [19, Part II, Ch. II, Theorem pp.73] since
the Γji,k have Ov-coefficients when expressed as power series in the ti’s at y0 (so by Proposition B.1) these are also
given by globally convergent power series on Bn. Since globally convergent functions form a ring (by Proposition B.3),
we see that Dk,i(α) is globally convergent with power series expansion at 0 given by (11.6) considered in A. But the
fact that the dαi are a formal solution to (11.1) says exactly that Dk,i(α) has formal power series expansion equal to 0.
Thus, Dk,i(α) is 0 everywhere on Bn for all i, k, so the globally convergent functions dαi are indeed solutions to (11.1)
on Ωv .

This implies that at any y ∈ Ωv, the Taylor series expansions of d1, . . . , dr at y are the unique formal solutions
to (11.1) with initial conditions d1(y), . . . , dr(y) respectively. This implies that d1(y), . . . , dn(y) are a basis of
Hi

dR((XKv )y/Kv) for each y ∈ Ωv: suppose that some linear combination
∑
i a
idi(y) with ai ∈ K happens to vanish.

Then d :=
∑
i a
idi is a solution on Ωv to (11.1), defined by a globally convergent power series on Bn. Since d(y) = 0,

by uniqueness of formal solutions in Theorem 11.1, we see that the Taylor series of d at y is 0. Now by “analytic
continuation” (Proposition B.6), we conclude that d = 0 on Ωv .

We have shown that the map α 7→ dα(y) defines an isomorphism

∇y0,y : Hi
dR((XKv )y0/Kv)

∼−→ Hi
dR((XKv )y/Kv)

for any y ∈ Ω; i.e. that the matrix D(y) = (Dk,i(y)) is invertible for every y ∈ Ωv . This lets us define:

Definition 11.4. The Kv-analytic period map F ′v : Ωv → Gran
Kv = Gr(Hi

dR((XKv )y0/Kv) is the Kv-analytic map
Fformal = Ψan

Kv
◦D. Explicitly, F ′v(y) = ∇−1

y0,y(F il•) for y ∈ Ωv .

Since D(y) is invertible for each y ∈ Ωv , the map D : Ωv → Ar×r,an
Kv

factors through the Zariski-open subset GLr,
so this definition makes sense. We can see that F ′v is Kv-analytic because the map D is defined in terms of globally
convergent power series and Ψan

Kv
is the analytification of the map ΨKv : (GLn)Kv → GrKv of Kv-schemes.

We need to check that this definition agrees with the one defined in §8 as a map of sets. This follows from the
following theorem:
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Theorem 11.5. Let X → Y be a smooth morphism over Ov, and let y0 ∈ Y(Ov) ⊆ Y (Kv) be in the residue disc of
y0. Then we have a commutative diagram:

Hi
dR(Xy0/Kv)

))

∇y0,y

��

Hi
cris(X0/k(v))⊗W(k(v)) Kv

Hi
dR(Xy/Kv)

55

where the diagonal maps are the canonical comparison isomorphisms.

Proof. See [2, Ch. 5, Prop. 3.6.4] �

Recall that we defined the complex-analytic period map by considering the isomorphism

∇y0 : Hi
dR((XC)y0/C)⊗C OΩ

∼−→ HidR((XC)an
Ω /Ω)

coming from a basis of solutions to∇GM = 0, and defining F∞ to be the map corresponding to∇−1
y0 (F il•) with F il•

the Hodge filtration onHidR((XC)an
Ω /Ω). By compatibility of the Hodge filtration with base change and analytification,

we see that F ilp is the span of e1, . . . , edp as we arranged for the Hodge filtration onHidR(XU/U).
Writing∇y0 as a matrix Dan with respect to the basis e1, . . . , er for both sides, we see that

∇−1
y0 (F ilp) = span

(
D−1

an (e1), . . . , D−1
an (edp)

)
(11.7)

This implies that
F∞ = Ψan

C ◦Dan

where Ψ: GLn → Gr is the map of Z-schemes sending an invertible matrix D ∈ GLn(R) to the filtration as in (11.7)
on Hi

dR(Xy0/K)⊗K R =
⊕

iRei, as was used in the construction of Fformal and Fv .
By construction of ∇y0 , the j-th column of Dan is the unique r-tuple of holomorphic functions in OΩ which solve

(11.1) with initial condition ej at y0. The power series expansions of the entries of dj at y0 gives an r-tuple of elements
of AC := A⊗̂KC = O∧YC,y0

, which must give a solution to (11.1) with initial condition ej as well (note that here
we are crucially using the fact that the formation of the Gauss-Manin connection commutes with base change and
analytification, as well as the fact that the algebraic and analytic Gauss-Manin connections coincide). By uniqueness
of solutions over AC, this implies that the formal pullback of ∇−1

y0 over AC is given by exactly the matrix D whose
columns are the formal solutions to (11.1), i.e. that (Dan)∧y0 = D.

Thus, all three period maps may be written as a composition of an analytified base change of the scheme map Ψ
and a map to GLn defined by a matrix D of functions. Moreover, these matrices in the three settings have compatible
formal power series expansions at y0. This will allow us to prove the essential compatibility of the different period
maps:

Proposition 11.6. Let Zformal, Zv, Z∞ be the respective Zariski closures of the images of the period maps Fformal, Fv ,
F∞. Then Zv = (Zformal)

an
Kv

and Z∞ = (Zformal)
an
C

These equalities happen inside of GrKv ' Gr(Hi
dR(Xy0/K)Kv , d

•) and GrC ' Gr(Hi
dR(Xy0/K)C, d

•) respec-
tively (via the canonical base change identifications). Explicitly, the claim is that the set Fv(Ωv), regarded as a subset of
Gr(Kv) inside the underlying topological space of the Kv-scheme Gr, is a Zariski-dense subset of Zformal. (Note that
since Ωv,Ω∞, and SpecAK are all reduced, we don’t have to worry about possible non-reduced subscheme structures).

Proof. The proofs of the Kv-analytic and C-analytic compatibility statements are entirely analogous, but we need to be
a bit more careful when working with Kv-analytic functions than with holomorphic functions, so we will write out the
proof in detail for the Kv-analytic case.

First, we claim that (Zformal)Kv is the schematic image of the “formal base change” Fformal,Kv : SpecAKv →
GrKv . Indeed, by compatibility of the formation of schematic image with flat base change, (Zformal)Kv is the
schematic image of the map Fformal ×K Kv : Spec(AK ⊗K Kv) → GrKv . We conclude by noting that the map
SpecAKv → Spec(AK ⊗K Kv) is dominant. This is due to the fact that V ⊗K K[[t1, . . . , tn]]→ V [[t1, . . . , tn]] is
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injective for any K-vector space V (by direct limit comparisons, we reduce to the case where dimK V is finite and so
the claim is obvious). Thus, we may work over Kv everywhere: we suppress this from the notation.

In both the formal and Kv-analytic settings, we may consider the Zariski closure in GLn or (GLn)an of the image
of the appropriate map D into GLn. We call these closures Wformal and Wv respectively. Now, suppose that we have
shown that Wv ⊆ GLn(Kv) ⊆ GLn is a Zariski-dense subset of Wformal. Then, since the map Ψ: GLr → Gr is an
algebraic morphism, it is Zariski-continuous, so Zv is the Zariski closure of Ψan(Wv) in Gr(Kv), and Zformal is the
schematic image of Wformal under Ψ. Since Wv is a Zariski-dense (and therefore schematically dense by reducedness)
subset of Wformal, we conclude that Zv is a Zariski-dense subset of Zformal, as desired.

Note that since GLr is a Zariski-open subset of Ar×r, we may form Wv and Wformal as the intersections of GLr
with the Zariski closures of the images in Ar×r of the appropriate maps D. We arranged that the entries of the matrix
D defining the map D : Ωv → Ar×r,an are pullbacks under the local isomorphism ι of globally convergent Kv-analytic
functions on Bn, as defined in §B. We also arranged that their power series expansions at y0 recover the corresponding
matrix D used to define the formal period map.

Thus, the equality Zv = (Zformal)
an
Kv

is reduced to the following statement: let D be an N -tuple of globally
convergent Kv-analytic functions on Bn with power series expansions D̂ at 0, and let ϕ is a polynomial in N variables
with coefficients in Kv. Then ϕ(D)(ι(y)) = 0 for all y ∈ Ωv if and only if ϕ(D̂) ∈ AKv is 0. To see this, note that
globally convergent functions form a Kv-algebra by Proposition B.3, so the power series ϕ(D̂) converges everywhere
on Bn to ϕ(D). Thus, we may conclude by Proposition B.6: a globally convergent Kv-analytic function on Bn

vanishes on a non-empty open set if and only if it is zero as a power series.
�

APPENDIX A. BASIC PROPERTIES OF DIFFERENTIALS

We collect here some basic facts about differentials for morphisms of complex-analytic spaces. The corresponding
facts for schemes are discussed in [13, IV4, §16].

Let f : X → Y be a map of complex-analytic spaces, and form the diagonal ∆: X → X ×Y X as well as the
projections p1, p2 : X ×Y X → X . Then ∆ is an immersion: there is some open subset U ⊆ X ×Y X such that ∆
factors through a closed immersion ∆U : X ↪−→ U , defined by a coherent sheaf of ideals I . We define:

Definition A.1. The sheaf of relative differentials of X → Y is the OX -module Ω1
X/Y

:= ∆−1
U (I/I2). The universal

derivation of X over Y is the f−1OY -linear map dX/Y : OX → Ω1
X/Y which sends a section f of OX to the class of

(p#
2 (f)− p#

1 (f))|U .

Note that the U -module I/I2 is I-torsion, so the two OX -module structures on Ω1
X/Y = ∆−1(I/I2) coming from

the projections p1, p2 agree and give Ω1
X/Y a canonical OX -module structure. It is immediate that Ω1

X/Y is a coherent
sheaf of OX -modules, and that the formation of (Ω1

X/Y , dX/Y ) does not depend on the choice of U . Moreover, we see
that the f−1OY -linear map dX/Y satisfies the Leibniz rule:

dX/Y (fg) = p#
2 (fg)− p#

1 (fg)

= p#
2 (f)

(
p#

2 (g)− p#
1 (g)

)
+ p#

1 (g)
(
p#

2 (f)− p#
1 (f)

)
= f · dX/Y (g) + g · dX/Y (f)

Here, we used the fact that the OX -module structure on Ω1
X/Y may be computed by either p2 or p1.

To see that this definition is reasonable, we will compute the sheaf of differentials for a projection Bn+m → Bm.

Proposition A.2. Let f : X → Y be the projection of Bn+m = Bn ×Bm onto its second factor, and let t1, . . . , tn be
the coordinates of Bn. Then the natural map

n⊕
i=1

OX dX/Y (ti)→ Ω1
X/Y (A.1)

is an isomorphism. Moreover, if f is a section of OX , dX/Y (f) =
∑n
i=1

∂f
∂ti

dX/Y (ti), where ∂f
∂ti

is the partial
derivative.

Proof. We identify X×Y X with Bn×B2n and name the coordinates z1, . . . , zm, x1, . . . , xn, y1, . . . , yn. Then in the
coordinates z1, . . . , zm, t1, . . . , tn for X = Bn+m, the diagonal map ∆X/Y sends (z, t) to (z, t, t). Thus, the image
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of ∆X/Y is exactly the set of points (z, x, y) with xi = yi for i = 1, . . . , n. Then for a function f(z, t) on X , we
have p#

1 f = f(z, x) and p#
2 f = f(z, y), so dX/Y (f) is the image of f(z, y)− f(z, x) in ∆−1(I/I2). In particular,

dX/Y (ti) is the image of yi − xi. Let wi = yi − xi, and note that the zi’s, xi’s, and wi’s are also coordinates for
Bm ×Bn ×Bn and that the image of ∆ is exactly the set of points where wi = 0 for i = 1, . . . , n. Then (A.1) is the
map

n∑
i=1

fi(z, t) dti 7→
n∑
i=1

fi(z, x)wi mod I2

Note that we could have written fi(z, y) on the right-hand side as well.
Now, to check that (A.1) is an isomorphism, we can work at stalks at some (z, t) ∈ X . We might as well assume

that (z, t) = (0, 0). Let f(z, x, w) be the germ of a holomorphic function at 0 ∈ Bm+2n. By the Weierstrass division
theorem, we can uniquely write f in the form

f(z, x, w) = wngn(z, x, w) + wn−1gn−1(z, x, w) + · · ·+ w1g1(z, x, w) + g0(z, x) (A.2)

where for each i, gi(z, x, w) is the germ of a holomorphic function at 0 which only depends on the variables z, x
and w1, . . . , wi. Thus, for any such f , ∆#

X/Y (f) = g0(z, t), and f ∈ I0 if and only if g0(z, x) = 0. Therefore,
I = (w1, . . . , wn), so I/I2 is generated by the dX/Y (ti) = wi, i.e. (A.1) is surjective. To see that it is injective,
consider a sum

∑n
i=1 fi(z, t) dti with fi(z, t) ∈ OX,0 and assume that its image under (A.1) is 0. This tells us that

f(z, x, w) :=

n∑
i=1

fi(z, x)wi ∈ I2

This is impossible, since I is generated by the wj (as can be checked at the level of power series).
Now, we need to show that if f(z, t) is a section of OX , then

dX/Y (f) = f(z, x+ w)− f(z, x) =

n∑
i=1

∂f

∂ti
(z, x) · wi mod I2

Let g(z, x, w) be the function f(z, x+ w)− f(z, x). Note that

∂g

∂wi
(z, x, 0) =

∂f

∂ti
(z, x)

Then since g vanishes on w = 0, we can write

g(z, x, w) = wngn(z, x, w) + wn−1gn−1(z, x, w) + · · ·+ w1g1(z, x, w)

with gn only depending on z, x, w1, . . . , wn. We have
∂f

∂ti
(z, x) =

∂g

∂wi
(z, x, 0) = gi(z, x, 0)

Now, for each i, εi(z, x, w) := gi(z, x, w)− gi(z, x, 0) is in I , so we see that

g(z, x, w) =

n∑
i=1

wi(gi(z, x, 0) + εi) =

n∑
i=1

∂f

∂ti
(z, x) · wi mod I2

�

Now, we can establish some functoriality properties:

Proposition A.3. Consider a commutative diagram

X
f
//

  

Y

��

Z

of morphisms of complex-analytic spaces. Then there are canonical OX -module homomorphisms f∗Ω1
Z/Y → Ω1

X/Y

and Ω1
X/Y → Ω1

X/Z which take f∗(dZ/Y (s)) to dX/Y (f#(s)) and dX/Y (s) to dZ/Y (s) and such that the following
sequence is exact

f∗Ω1
Z/Y → Ω1

X/Z → Ω1
X/Y → 0 (A.3)
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Proof. We have a diagram with all squares cartesian

X
∆X/Y

//

id

��

f

))
X ×Y X

ι

��

f◦p1
// Y

∆Y/Z

��

X
∆X/Z

// X ×Z X
f×f
// Y ×Z Y

Working in some U ⊆ X ×Z X containing the image of ∆X/Z with V = U ∩X ×Y X , we see that V contains the
image of ∆X/Y and ∆U : X → U factors as a composition of closed immersions X ↪−→ V ↪−→ U . If I is the ideal
sheaf defining X ↪−→ U and J is the ideal sheaf defining X ↪−→ V , and K is the ideal sheaf defining V ↪−→ U , we
see that ∆−1

V (J) = ∆−1
U (I/K). This gives us a short exact sequence

∆−1
U (K/K2) // ∆−1

U (I/I2) = Ω1
X/Z

// ∆−1
V (J/J2) = Ω1

X/Y
// 0 (A.4)

Note that the map Ω1
X/Z → Ω1

X/Y just defined by reduction mod K certainly sends dX/Z(s) to dX/Y (s).
Next, since the square on the right is cartesian, if L is the ideal sheaf defining ∆Y/Z in some W ⊆ Y ×Z Y

(perhaps changing U so that U ⊆ (f × f)−1(W )), there is a surjection (f × f)∗(L) −� K. Thus, there is a surjection
f∗Ω1

Y/Z = f∗(∆−1
W (L/L2)) −� ∆−1

U (K/K2). Composing this with (A.4), we get the promised exact sequence

f∗Ω1
Y/Z → Ω1

X/Z → Ω1
X/Y → 0

Note that the map f∗Ω1
Y/Z → Ω1

X/Y does indeed send f∗(dY/Z(s)) to dX/Z(f#(s)), as the map (f × f)∗(L)→ K

is obtained by applying (f# × f#) on functions, and (f# × f#)(p#
2 (s)− p#

1 (s)) = p#
2 (f#(s))− p#

1 (f#(s)). �

Corollary A.4. Let Y → Z be a map of complex-analytic spaces and let f : X → Y be a monomorphism (e.g. a
closed immersion). Then the canonical map f∗Ω1

Y/Z → Ω1
X/Z is a surjection.

This follows immediately from Proposition A.3, since X → Y is a monomorphism if and only if ∆X/Y : X →
X ×Y X is an isomorphism (this valid in any category with products).

Proposition A.5. For a map of schemes f : X → Y , the sheaf of relative differentials Ω1
X/Y is generated as a

OX -module by the image of dX/Y : OX → Ω1
X/Y .

Proof. By Proposition A.3, we have a commutative diagram

OX
dX/C

//

id

��

Ω1
X/C

��

OX
dX/Y

// Ω1
X/Y

with the vertical arrow on the right surjective. Thus, we can reduce to the case Y = Sp C is a point. Now, the question
is local on X , so we can assume that there is a closed immersion ι : X ↪−→ Bn. Now, by applying Corollary A.4, we
have a commutative diagram

ι−1OBn
dBn/C

//

ι#

��

ι−1Ω1
Bn/C

��

OX
dX/C

// Ω1
X/C

such that the map ι∗Ω1
Bn/C → Ω1

X/C coming form the vertical arrow on the right is surjective. This implies that the
image of ι−1Ω1

Bn/C in Ω1
X/C generates Ω1

X/C as a OX -module. Thus, since the vertical arrow on the left is surjective,
we have reduced to the case that X → Y is Bn → Sp C. This case is proved by Proposition A.2. �

In order to make arguments easier by comparison with the algebraic theory, we also introduce a notion of differentials
for complete local rings:
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Definition A.6. Let ϕ : (A,mA) → (B,mB) be a local homomorphism of complete local noetherian rings. Write
An = A/mnA, Bn = B/mnB , so we have A = lim←−An, B = lim←−Bn. Since ϕ is local, it sends mA to mB and thus
induces maps ϕn : An → Bn, and we have ϕ = lim←−n ϕn.

Then we define the module of continuous differentials Ω1
B/A by

Ω̂1
B/A = lim←−

n

Ω1
Bn/An

with Ω1
Bn/An

the module of Kähler differentials and transition maps given by the natural maps Ω1
Bn/An

→ Ω1
Bn−1/An−1

coming from the projections Bn → Bn−1. We equip Ω̂1
B/A with a derivation d̂B/A : B → Ω̂1

B/A defined by d̂B/A(b) =

lim←− dBn/An(b mod mnB).

Proposition A.7. Let M be a complete B-module. Then for any A-linear derivation d : B → M , there is a unique
continuous map of B-modules ϕ : Ω̂1

B/A →M such that ϕ ◦ d̂B/A = d.

Proof. By the Leibniz rule, any derivation d : B → M maps mnB into mn−1
B M , so d induces a compatible system

of An-linear derivations dn : Bn → M/mn−1
B M for each n, and d = lim←−n dn. Now for each n, there is a unique

map of Bn-modules ϕn : Ω1
Bn/An

→ M/mn−1
B M such that ϕn ◦ dBn/An = dn by the universal property of usual

differentials. By uniqueness, these maps are compatible, so ϕ := lim←−n ϕn gives a map on the inverse limit which

satisfies ϕ ◦ d̂B/A = d by construction. It is obviously continuous, and any other continuous map ϕ taking d̂B/A to d
would have to be constructed this way. �

Here is another way of describing the continuous differentials.

Proposition A.8. Let (A,mA)→ (B,mB) be a map of completed local rings. Consider the “completed diagonal”

∆B/A : B⊗̂AB := lim←−
n

(Bn ⊗An Bn)→ B

Let I be its kernel. Then the natural map I/I2 → Ω1
B/A is an isomorphism, with d̂B/A corresponding to b 7→ 1⊗̂b−b⊗̂1.

Proof. Let In = ker (Bn ⊗An Bn → Bn). Thus, since kernels commute with inverse limits, we have I = lim←−n In and

I/I2 = lim←−n(In/I
2
n) = lim←−n Ω1

Bn/An
= Ω̂1

B/A. �

The relevance of these modules of continuous differentials to us is the following:

Proposition A.9. Let f : X → Y be a map of complex-analytic spaces. Then for any x ∈ X with f(x) = y, we have

(Ω1
X/Y )x ⊗OX,x ÔX,x ' Ω̂1

ÔX,x/ÔY,y

and this isomorphism is compatible with dX/Y .

Proof. Consider the diagonal ∆: X → X ×Y X and let p = ∆(x). Then the stalk of Ω1
X/Y at x is Ip/I2

p , where Ip is

the kernel of the map of local rings Op → Ox. Thus, the completed stalk of Ω1
X/Y at x is given by Îp/Îp

2
, and Îp is the

kernel of Ôp → Ôx. But the natural map Ôx⊗̂Ôy
Ôx → Ôp is an isomorphism: to see this, one can reduce to the case

that Y is a point and X = Bn, and then show that

C[[t1, . . . , tn]]⊗̂CC[[s1, . . . , sm]]→ C[[t1, . . . , tn, s1, . . . , sm]]

is an isomorphism. But both sides are complete and this map is obviously an isomorphism modulo any power of the
maximal ideal.

Now, we see that Îp is the kernel of Ôx ⊗Ôy
Ôx, so Îp/Îp

2
is Ω̂1

Ôx/Ôy
by Proposition A.8. This isomorphism carries

dX/Y to d̂
Ôx/Ôy

, as both are defined by the formula p#
2 − p

#
1 . �

Now, we see how the formation of Ω1 interacts with base change.

Proposition A.10. Let
X ′

π //

��

X

��

Y ′ // Y
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be a cartesian diagram of complex-analytic spaces. Then the natural map π∗Ω1
X/Y → Ω1

X′/Y ′ is an isomorphism.

Proof. The natural map is defined by the composite of the canonical map π∗Ω1
X/Y → Ω1

X′/Y and the canonical map
Ω1
X′/Y −� Ω1

X′/Y ′ ; alternatively, it is the unique map of OX′ -modules sending π∗(dX/Y (s)) to dX′/Y ′(π#(s)).
To see that this map is an isomorphism, we may pass to stalks. From there, we may pass to completions - completion

is faithfully flat due to coherence of the sheaves of differentials and the fact that the local rings of complex-analytic
spaces are noetherian. Then we can use [13, 0IV, (20.5.5)] for the corresponding statement in the setting of complete
local rings.

�

As a consequence, we can explicitly describe the differentials for any relative affine space.

Proposition A.11. Let f : X → Y be the map Bn × Y → Y given by projection to the second factor with t1, . . . , tn
the coordinates on Bn. Then the map sending dti to dti induces an isomorphism:

n⊕
i=1

OX dti
∼−→ Ω1

X/Y

The preimage of d1
X/Y (f) under this isomorphism is

d1
X/Y (f) =

∑
i

∂f

∂ti
dti

where the ∂f
∂ti

are the actual partial derivatives of f with respect to the ti.

Proof. The statement is local on Y , so we can assume that we are given a closed immersion ι : Y ↪−→ Bm. Then f is
the base change of the projection Bn+m → Bm by ι. By Proposition A.10, we have an isomorphism ι∗Ω1

Bn+m/Bm
∼−→

Ω1
Bn×Y/Y , sending dti to dti. Thus, the result follows from Proposition A.2. �

Remark A.12. We could have given an easier proof of Proposition A.11 without appealing to Proposition A.2 by
passing to complete local rings. But we felt that the more elementary proof via the Weierstrass division theorem
conveyed more intuition. Of course, one needs to use something like the Weierstrass division theorem to prove that the
local rings of complex-analytic spaces are well-behaved (e.g. noetherian), so the completed local rings approach is just
hiding the difficulties elsewhere!

Next, we give the universal property for the sheaf of relative differentials.

Proposition A.13. Let f : X → Y be a map of complex-analytic spaces. Then if F is a coherent sheaf on X
and d : OX → F is an f−1OY -linear derivation, there is a unique map of OX -modules φ : Ω1

X/Y → F such that
d = φ ◦ dX/Y .

Proof. First, note that uniqueness follows by Proposition A.5: the image of dX/Y generates Ω1
X/Y . In other words, we

are forced to define
φ(a1 dX/Y g1 + · · ·+ an dX/Y gn) = a1d(g1) + · · ·+ and(gn) (A.5)

and we must check that this definition is consistent. To do this check, we can pass to stalks and then to completed stalks,
then use Proposition A.7.

More formally, the fact that the image of dX/Y generates Ω1
X/Y implies that there is a surjective map of sheaves

OX ⊗OY OX −� Ω1
X/Y sending f ⊗ g to f dg. Then (A.5) defines a map of sheaves OX ⊗OY OX → F which is

OX -linear with respect to the left multiplication. We want to show that this map kills the kernel of OX ⊗OY OX , and we
can do this one section at a time. So choose some sections a1, . . . , an and g1, . . . , gn of OX such that

∑
ai ⊗ gi maps

to 0 in Ω1
X/Y , and consider the section α = a1d(g1) + · · ·+ and(gn) of F . Then we want to show that α = 0, which

we can do by passing to completed stalks since F is coherent so completion is faithfully flat. Since the isomorphism
from Proposition A.9 respects d, it respects the map OX ⊗OY OX → Ω1

X/Y , so we have reduced the problem to the
corresponding one for complete local rings. �

We prove that a version of the “chain rule” holds.
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Proposition A.14. Let f : X → Y be a map of complex-analytic spaces. Let p ∈ Γ(Bn × Y,OBn×Y ) be any function
(“a convergent power series with OY -coefficients”) and let g1, . . . , gn ∈ Γ(X,OX) be sections. Then if d : OX → F
is a f−1OY -linear derivation into a coherent sheaf F , we have

d
(
p(g1, . . . , gn)

)
=
∑
i

∂p

∂ti
(g1, . . . , gn) dgi (A.6)

where t1, . . . , tn are the coordinates on Bn.

Proof. By the universal property of Ω1
X/Y , as given in Proposition A.13, the case of a general derivation into a coherent

sheaf F reduces immediately to the case of the derivation dX/Y of OX into Ω1
X/Y .

The sections g1, . . . , gn define a Y -map g : X → Bn×Y , and g#p = p(g1, . . . , gn) by definition. Thus, the left side
of (A.6) is dX/Y (g#p). By definition, this is the image of dBn×Y/Y (p) under the canonical map g∗Ω1

Bn×Y/Y → Ω1
X/Y .

But by Proposition A.11, we have

dBn×Y/Y (p) =
∑
i

∂p

∂ti
(t1, . . . , tn) dti

so (A.6) follows by applying g# to both sides. �

Finally, we show that there is a unique extension of dX/Y to a complex of differentials.

Proposition A.15. Let X → Y be a map of complex-analytic spaces or schemes. There exists a unique sequence of
f−1OY -linear maps dpX/Y : ΩpX/Y → Ωp+1

X/Y such that:

(i) d0
X/Y = dX/Y : OX → Ω1

X/Y .

(ii) dp+1
X/Y ◦ d

p
X/Y = 0 for all p ≥ 0.

(iii) For any p, q ≥ 0, any open set U , and any sections ωp ∈ Γ(U,ΩpX/Y ), ωq ∈ Γ(U,ΩqX/Y ), we have:

dp+qX/Y (ωp ∧ ωq) = dpX/Y (ωp) ∧ ωq + (−1)pωp ∧ dqX/Y (ωq)

Proof. Uniqueness is immediate, as the conditions listed above imply that

dpX/Y (f dg1 ∧ · · · ∧ dgn) = df ∧ dg1 ∧ · · · ∧ dgn (A.7)

for any sections f, g1, . . . , gn of OX . Conversely, if we can construct dpX/Y satisfying (A.7), it is immediate that this
satisfies properties (i)-(iii).

We claim that it suffices to construct an f−1OY -linear map d1
X/Y

: Ω1
X/Y → Ω2

X/Y such that

d1
X/Y (f dg) = df ∧ dg (A.8)

for all sections f, g of OX . Writing ω =
∑
i fi dgi and using the Leibniz rule for d = d0

X/Y , this immediately implies
that

d1
X/Y (fω) = df ∧ ω + fd1

X/Y (ω) (A.9)

Then for a section ω1 ∧ · · · ∧ ωp of ΩpX/Y = ∧pΩ1
X/Y , we can define

dpX/Y (ω1 ∧ · · · ∧ ωp) =

p∑
i=1

(−1)i+1d1
X/Y (ωi) ∧ ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωp (A.10)

Here, the expression ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωp means to take the product with the i-th term omitted. This clearly is
alternating in the ωi, and applying (A.9) we see that

dpX/Y
(
f(ω1 ∧ · · · ∧ ωp)

)
= df ∧ ω1 ∧ · · · ∧ ωp + fdpX/Y (ω1 ∧ · · · ∧ ωp)

and that we can compute this by multiplying any of the ωi by f and using the formula (A.10). Thus, dpX/Y is
well-defined. Formula (A.10) implies equation A.7, so this definition satisfies properties (i)-(iii).

By uniqueness, we can construct d1
X/Y locally and pass to the case that Y is a point and X = Bn. Then we can

apply Proposition A.11. Now we want to construct an f−1OY -linear map

d1
X/Y :

n⊕
i=1

OX dti →
⊕

1≤i<j≤n

OX dti ∧ dtj
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such that d1
X/Y (f dg) = df ∧ dg. We define d1

X/Y by

d1
X/Y (fi dti) =

n∑
j=1

∂f

∂tj
dtj ∧ dti

Now, we verify that (A.8) holds:

d1
X/Y (f dg) =

n∑
i=1

d1
X/Y

(
f
∂g

∂ti
dti

)

=

n∑
i=1

n∑
j=1

∂

∂tj

(
f
∂g

∂ti

)
dtj ∧ dti

=

n∑
i=1

 n∑
j=1

∂f

∂tj
dtj

 ∧ ∂g

∂ti
dti + f ·

∑
1≤j<i≤n

(
∂

∂tj

∂g

∂ti
− ∂

∂ti

∂g

∂tj

)
= df ∧ dg

�

APPENDIX B. FUNCTIONS DEFINED BY CONVERGENT POWER SERIES OVER A NON-ARCHIMEDEAN FIELD

In this appendix, we discuss some basic properties of analytic functions in a non-archimedean setting. Since the
topology of a field with a non-archimedean valuation is totally disconnected, one needs to be careful about working
locally - “pointwise” arguments often do not work as expected from complex analysis. Thus, one must work directly
with power series which converge everywhere on some domain of interest. The effort to find a global version of this
theory led to rigid-analytic geometry. For a very nice introduction, see [4].

Let K be a field of characteristic zero which is complete with respect to a non-archimedean absolute value
| · | : K → R≥0 with image Γ ⊆ R≥0. Consider a power series

f(t1, . . . , tn) =
∑
α∈Nn

aαt
α :=

∑
α∈Nn

aαt
α1
1 · · · tαnn

For some n-tuple of numbers R = (R1, . . . , Rn) with Ri ∈ qZ and some x ∈ Kn, we define the open polydisc of
radius R at x as

Bn
0 (R, x) =

{
y ∈ Kn | |yi − xi| < Ri, i = 1, . . . , n

}
and the closed polydisc of radius R at x as

Bn(R, x) =
{
y ∈ Kn | |yi − xi| ≤ Ri, i = 1, . . . , n

}
Despite the terminology, both kinds of polydiscs are both open and closed in Kn (in the natural topology, which is
generated by the Bn

0 (R, x)).
We want to study the power series f(t) which converge on a polydisc. This is easier than in the complex-analytic

setting, due to the following fact:

Proposition B.1. Let f(t) =
∑
α∈Nn aα(t− x)α. Then:

(i) f(t) converges for all t ∈ Bn(R, x) (resp. Bn
0 (R, x)) if and only if for any c ∈ Γn with c ≤ R (resp. c < R),

limα |aα|cα = 0.

Proof. Fix some t ∈ Kn. Then by the ultrametric inequality, the series f(t) =
∑
α aα(t− x)α converges if and only

if |aα||t − x|α → 0 as α → ∞. As Bn(R, x) is exactly the set of points in Kn with |t − x| ≤ R, this proves the
statement for Bn. Now, f(t) converges on Bn

0 (R, x) if and only if for every c ∈ Γn with c < R, f(t) converges on
Bn(R, x), so we get the statement for Bn

0 as well. �

Both Bn(R, x) and Bn
0 (R, x) are Kv-analytic manifolds in the sense of [19, Part II, Ch. III].

Definition B.2. We say that a Kv-analytic function f on Bn(R, x) or Bn
0 (R, x) is globally convergent if there is some

power series g(t) ∈ K[[t1, . . . , tn]] such that g(y) converges to f(x+ y) for any y in Bn(R, 0) or Bn
0 (R, 0).

By [19, Part II, Ch. II, Lemma pp.68], this power series representation is unique, so the set of globally convergent
Kv-analytic functions may be identified with a subring of K[[t1, . . . , tn]].

We have
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Proposition B.3. The set of f ∈ K[[t1, . . . , tn]] which define a globally convergent function on some Bn(R, x) or
Bn

0 (R, x) is a K-subalgebra.

Proof. Since Bn
0 (R, x) = ∪c<R,c∈ΓnB

n(c, x), we may immediately reduce to showing the proposition for Bn(R, x)
whenR ∈ Γn. Then Proposition B.1 says that the set of f ∈ K[[t1, . . . , tn]] which define a globally convergent function
on Bn(R, x) if and only if limα→∞ |aα|Rα = 0. This property is clearly preserved by taking sums andK-multiples, so
it suffices to show that the product of two globally convergent power series is globally convergent. If f(t) =

∑
α aαt

α

and g(t) =
∑
α bαt

α are globally convergent on Bn(R, x), so limα→∞ |aα|Rα = limα→∞ |bα|Rα = 0, we have

fg(t) =
∑
γ

 ∑
α+β=γ

aαbβ

 tγ =:
∑
γ

cγt
γ

Now, we calculate

lim
γ→∞

|cγ |Rγ = lim
γ→∞

∣∣∣∣∣∣
∑

α+β=γ

|aα||bβ |

∣∣∣∣∣∣Rγ ≤ lim
γ→∞

max
α,β

(|aα|Rα)(|bβ |Rβ) = 0

�

Remark B.4. The ring Bn(1, 0) is called the Tate algebra and is denoted K〈t1, . . . , tn〉. The study of this ring and its
properties is the starting point of rigid-analytic geometry.

The main advantage of a Kv-analytic functions being globally convergent is that its behavior on all of Bn(R, x) or
Bn

0 (R, x) is determined by its power series representation at any point, as is the case in complex analysis. In particular,
we have:

Proposition B.5. Let f be a globally convergent Kv-analytic function on B with B = Bn(R, x) or B = Bn
0 (R, x).

Then for any y ∈ B, the Taylor series of f at y converges to f on all of B.

Note that this implies in particular that the definition of globally convergent Kv-analytic function does not depend
on the choice of x, so our notation makes sense.

Proof. This statement is essentially proved in [19, Part II, Ch. II, Lemma pp.70]: the statement given there can be
sharpened to the statement above by applying the ultrametric inequality instead of the triangle inequality in the proof,
as below. (We use the notation defined there for binomial coefficients, factorials, etc. for multi-indices).

We may clearly assume x = 0. Fixing some y and h such that y, y + h ∈ B, we want to show that the Taylor
series for f at y converges to f(y + h) when evaluated at h. In the case B = Bn

0 , we can let R′ < R be such that
y, y + h ∈ Bn(R′, x) and restrict our attention to Bn(R′, 0) on which the restriction of f is a globally convergent
function. Thus, it suffices to handle the case that B = Bn(R, 0).

Let f(t) =
∑
α aαt

α ∈ K[[t1, . . . , tn]] be the power series representation of f at x. By the definition of a globally
convergent Kv-analytic function, this power series converges to the value of f at any b ∈ B. Now, Bn(R, 0) =
Bn(R, y) by the ultrametric inequality, so any element b ∈ B may be written as b = y + h with |h| ≤ R.

Now, since f is given on B by the power series f(t), we have:

f(y + h) =
∑
α

aα(y + h)α

=
∑
α

 ∑
α=β+γ

aα

(
α

β

)
yβ

hγ

We want to rearrange this double sum, which we can do by the following computation:∣∣∣∣∣aα
(
α

β

)
yβhγ

∣∣∣∣∣ ≤ |aα||y|β |h|γ ≤ |aα|Rβ+γ = |aα|Rα → 0

Thus, there are only a finite number of terms aα
(
α
β

)
yβhγ with absolute value larger than any given ε > 0, so we can

take the double sum in any order we please. In particular, we can rearrange this to see that for any y, h ∈ Bn(R, 0), we
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have

f(y + h) =
∑
γ

∑
β

αβ+γ

(
β + γ

β

)
yβ

hγ (B.1)

The inner sum converges for all y ∈ Bn(R, 0), as follows directly from convergence of f . We have an equality of
formal power series in the variable y

1

γ!

∂f

∂tγ
(y) =

∑
β

αβ+γ

(
β + γ

β

)
yβ (B.2)

Now, one can define partial derivatives of Kv-analytic functions by the usual limit definition from calculus. Then one
can use (B.1) to verify that the right side of (B.2) satisfies this definition for all y ∈ BN (0, R) when |γ| = 1, as done in
[19, Part II, Ch. III, Theorem pp. 73], so (B.2) is an equality of Kv-analytic functions. Then by induction on |γ|, one
can verify that (B.2) holds for all γ. Thus, we have proved that the Taylor series expansion

f(y + h) =
∑
γ

∂f

∂tγ
(y)

hγ

γ!

is true for any y, h ∈ Bn(R, 0). �

As a consequence, we get a notion of “analytic continuation” for globally convergent K-analytic functions:

Proposition B.6. Let f be a globally convergent K-analytic function on B = Bn
0 (R, x) or B = Bn(R, x). Then if all

of the derivatives of f vanish at some y ∈ B, f is equal to zero everywhere on B.

Proof. By Proposition B.5, the Taylor series of f at y converges to f on all of B. Thus, if all the derivatives of f vanish
at y, this series is zero so f = 0 on all of B. Now, let y ∈ B be a zero of f . If f is not equal to the zero function, we
can write the power series for f at y as

f(t) = (t− y)n

a0 +
∑
α6=0

aα(t− y)α


for some non-zero a0 ∈ K. Now, the series in parentheses defines a globally convergent Kv-analytic function g
with g(y) 6= 0. Since limα→∞ |aα|Rα = 0, there is some M > 0 such that aα ≤ MR−α for all α > 0. Now, let
|t− y| < R′ := |α0|R/M , so aα|t− y|α < |α0| for all α. Note that since a0 6= 0, R′ 6= 0. Thus, by the ultrametric
inequality, |g(t)| = |a0| 6= 0 for any t ∈ Bn(R′, y). �

APPENDIX C. SOME ANALYTIC PROOFS

In this appendix, we collect some proofs which were omitted from the main notes. They are of a “analytic” flavor,
and are direct translations of classical proofs from elementary differential geometry into language which is suitable for
our purposes.

Lemma C.1 (Relative holomorphic Poincaré lemma). Let f : X → Y be a smooth morphism of complex-analytic
spaces. Then the kernel of dX/Y : OX → Ω1

X/Y is f−1OY , and Ω•X/Y is exact in all higher degrees. In other words,
the natural map f−1OY → Ω•X/Y is a quasi-isomorphism.

Proof. The statement is local on X and Y , so we may assume that X ' Bn × Y , Y ⊆ Bm is defined by a coherent
sheaf of ideals I , and f is the projection onto the second component. Then, naming the coordinates on Bn by t1, . . . , tn,
we have by Proposition A.11:

ΩpX/Y '
⊕

1≤i1<···<ip≤n

OX dti1 ∧ · · · ∧ dtip

and

dX/Y (g dti1 ∧ · · · ∧ dtip) =
∑
k

∂g

∂tk
dtk ∧ dti1 ∧ · · · ∧ dtip

Moreover, since X → Y is the base change along Y ↪−→ Bm of the projection Bn+m → Bm, Proposition A.10
says that ΩpX/Y ' i∗ΩpBn+m/Bm where i : X = Bn × Y → Bn+m = Bn ×Bm is the base change of Y ↪−→ Bm,
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and this is compatible with the differentials. Thus, i is a closed immersion with sheaf of ideals p∗2(I) (note that p2 is
flat), and we have

ΩpX/Y ' (ΩpBn+m/Bm)/p∗2(I)

To show that f−1OY → Ω•X/Y is a quasi-isomorphism, we show that there is an f−1OY -linear chain homotopy
between the identity map on Ω•X/Y and the composition Ω•X/Y → f−1OY → Ω•X/Y , where the first map comes from
the 0-section z : Y = {0} × Y ↪−→ Bn × Y = X . By the above, it suffices to construct this chain homotopy in the
case that Y = Bm: this homotopy will be p−1

2 OBm-linear, so it will send p∗2(I)Ω•Bn+m/Bm to p∗2(I)Ω•Bn+m/Bm and
thus induce a chain homotopy on the quotient O•X/Y of Ω•Bn+m/Bm .

We shall define this homotopy with the same integral formula as in the proof of the C∞ Poincaré lemma as in [6, Ch.
V, Theorem 9.2], and differentiate under the integral sign to see the Cauchy-Riemann equations still hold, so that there
is a well-defined homotopy operator on the complex of holomorphic differential forms Ω•X/Y .

Fix ω ∈ ΩpX/Y . Letting s1, . . . , sm be the standard coordinates on Y ' Bm, we can write

ω =
∑

1≤i1<···<ip≤n

gI(s1, . . . , sm, t1, . . . , tn) dti1 ∧ · · · ∧ dtip

for uniquely determined gI ∈ Γ(Bn+m,OBn+m). We define the chain homotopy operator

hp : ΩpX/Y → Ωp−1
X/Y

by the formula

hp(ω)(s, t) =
∑
I

(ˆ r=1

r=0

rp−1gI(s, rt) dr

)
ηI

where

ηI =

p∑
k=1

(−1)k+1tikdtI−{tik}

Each integral as above defines a holomorphic function gI,k, as can be checked by differentiating under the integral sign
to see that gI,k satisfies the Cauchy-Riemann equations (since r is a real number, the partial derivatives appearing in the
Cauchy-Riemann equations are multiplied by r on both sides). It is also immediate that hp defines an f−1OY -linear
map from ΩpX/Y to Ωp−1

X/Y . Now, we can check that(
hp+1 ◦ dpX/Y + dp−1

X/Y ◦ h
p
)

(ω) = ω − f∗ ◦ z∗(ω)

For p = 0, we define h0 = 0, so we want to show that

h1(dX/Y (g)) = g − (z ◦ f)#(g)

We have

dX/Y (g) =

n∑
i=1

∂g

∂ti
dti

so we can compute

h1(dX/Y (g)) =

ˆ 1

0

 n∑
i=1

ti
∂g

∂ti
(s, rt) dr


=

ˆ 1

0

d

dr
g(s, rt) dr

= g(s, rt)− g(s, 0)

= g − (z ◦ f)#(g)

Now, assume that p > 0. Since z∗ is a map from ΩpX/Y to ΩpY/Y = 0, we want to show that(
hp+1 ◦ dpX/Y + dp−1

X/Y ◦ h
p
)

(ω) = ω
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By differentiating under the integral sign, we have:

dp−1
X/Y h

p(ω) =
∑
I

n∑
k=1

(ˆ 1

0

rp
∂gI
∂tk

(s, rt) dr

)
dtk ∧ ηI +

∑
I

(ˆ 1

0

rp−1gI(s, rt) dr

)
dηI

=: S + T

Here, S denotes the left sum and T the right one.
Now, writing

dpX/Y ω =
∑
I

n∑
k=1

∂gI
∂tk

dtk ∧ dtI

we compute:

hp+1(dpX/Y ω) =
∑
I

n∑
k=1

(ˆ 1

0

rp
∂gI
∂tk

(s, rt) dr

)
(tkdtI − dtk ∧ ηI)

= −S +
∑
I

ˆ 1

0

n∑
k=1

tkr
p ∂gI
∂tk

(s, rt) dr

 dtI

= −S +
∑
I

(ˆ 1

0

rp
d

dr
gI(s, rt) dr

)
dtI

= −S +
∑
I

(
(rpgI(s, rt))

∣∣r=1

r=0
− p
ˆ 1

0

rp−1gI(s, rt)

)
dtI

= −S +
∑
I

gI(s, t) dtI −
∑
I

(ˆ 1

0

rp−1gI(s, rt)

)
(p dtI)

= −S − T + ω

Here, we used the calculation dηI = p dtI . This finishes the proof. �

Theorem C.2. Let K be a Q-algebra, and let V be a free module over a ring A = K[[t1, . . . , tn]] of formal power
series with coefficients inK. Then if∇ : V → V ⊗A Ω̂1

A/K is an (t1, . . . , tn)-adically continuous integrable connection,
the natural map

ker∇⊗K A→ V

is an isomorphism.

Proof. Choose some basis e1, . . . , en for V . Then, by the isomorphism Ω1
A/K ' ⊕

n
i=1A dti, the condition that

s =
∑
j sjej ∈ V satisfies∇(s) = 0 is the system of partial differential equations

∂si
∂tk

= −
∑
j

Γki,j · sj (C.1)

The theorem states exactly (by Nakayama’s lemma) that given any α ∈ V (0) = V ⊗A A/(t1, . . . , tn), there is a unique
solution s =

∑
j sjej of (C.1) with s(0) = α.

Write Mk = (−Γki,j)i,j , which is a matrix with coefficients in A, so we can abbreviate (C.1) as

∂s

∂tk
= Mk · s (C.2)
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Now, we want to write out the condition that∇ is integrable explicitly in terms of the Mk. For each j = 1, . . . , n,
we have

∇1 ◦ ∇0(ej) =
∑
i,`

∇1
(

Γ`i,jdt` ⊗ ei
)

=
∑
i,`

d(Γ`i,j dt`)⊗ ei −
∑
p,`

Γkp,jdt` ∧∇(ep)

=
∑
k<`

∑
i

(
∂

∂tk
Γ`i,j −

∂

∂t`
Γki,j

)
dtk ∧ dt` ⊗ ei −

∑
i,k,`,p

Γ`p,jdt` ∧
(

Γki,pdtk ⊗ ei
)

=
∑
k<`

∑
i

( ∂

∂tk
Γ`i,j −

∂

∂t`
Γki,j

)
−

∑
p

Γ`i,pΓ
k
p,j −

∑
p

Γki,pΓ
`
p,j


 dtk ∧ dt` ⊗ ei

So, the condition that this is 0 for all j says that, for all k, `:

∂

∂t`
Mk − ∂

∂tk
M ` = M `Mk −MkM ` (C.3)

Now, we work by induction on n. When n = 1, there is no integrability condition, and (C.2) becomes the ordinary
differential equation

ds

dt
= Ms (C.4)

The choice of the basis e1, . . . , er gives an isomorphism V (0)⊗K A
∼−→ V by the map ei(0) 7→ ei, and this determines

an isomorphism EndK(V (0))⊗K A
∼−→ EndA(V ). With respect to these isomorphisms, we may write s =

∑∞
i=0 cit

i

with ci ∈ V (0) and M =
∑∞
i=0mit

i with mi ∈ End(V (0)). Then (C.4) is equivalent to the recurrence relation

(n+ 1)cn+1 =

n∑
j=1

mjcn−j (C.5)

Since K is a Q-algebra, this defines a unique sequence of cn ∈ K starting with a given c0 ∈ K. This finishes the case
n = 1.

Now assume that the theorem is proved in dimension at most n, and let (V,∇) be an integrable connection over
A[[x]] = K[[t1, . . . , tn, x]]. With respect to the coordinates t1, . . . , tn, x and the basis e1, . . . , er of V , we can write
the condition∇(s) = 0 as the system of matrix partial differential equations

∂s

∂tk
= Mks,

∂s

∂x
= Mxs (C.6)

Let V |x=0 be V ⊗A[[x]] A[[x]]/x, which is a free module over A. Pulling back ∇ along this 0-section SpecA →
SpecA[[x]], we have an integrable connection∇|x=0 on V |x=0. Explicitly, this is given by the equations

∂s0

∂tk
= Mk

0 s0 (C.7)

with s0 ∈ V |x=0 andMk
0 the image ofMk in End(V |x=0). Then the integrability equation (C.3) forM1, . . . ,Mn,Mx

implies the analogous condition for M1
0 , . . . ,M

n
0 . Thus, by induction, there is a unique solution s0 ∈ V |x=0 to (C.7).

Now, we will consider the connection relative to A, using the basis e1, . . . , er to define an isomorphism V |x=0 ⊗A
A[[x]]

∼−→ V . Then the composition V ∇−→ V ⊗A[[x]] Ω1
A[[x]]/K → V ⊗A[[x]] Ω1

A[[x]]/A corresponds to the single
ordinary differential equation

∂s

∂x
= Mxs (C.8)

with coefficients in A. Then we can apply the case n = 1 (this is why it is relevant that we can work over a Q-algebra
which might not be a field - analytically, the fact that solutions have coefficients in A reflects smooth dependence of
solutions on initial conditions) to show that there is a unique solution s ∈ V to (C.8) with initial condition s|x=0 = s0.
In particular, since s0 is the unique solution to (C.7), this shows uniqueness for s.

Thus, it remains to show that this s solves the other equations ∂s
∂tk

= Mks. Fix some k = 1, . . . , n, and let
s̃ = ∂s

∂tk
−Mks. Then since s|0 = s0 and s0 is a solution to (C.7), we see that s̃|x=0 = 0. We will show that s̃ is a
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solution to the ordinary differential equation (C.8), which will then imply that s = 0 by uniqueness of solutions in the
case n = 1. Applying the integrability condition (C.3), we compute

∂s

∂x
−Mxs̃ =

∂2s̃

∂x∂tk
− ∂

∂x
(Mks)−Mx

(
∂s

∂tk
−Mks

)
=

∂

∂tk

∂s

∂x
−
(
∂

∂x
Mk

)
s−Mk · ∂s

∂x
−Mx ∂s

∂tk
+MxMks

=
∂

∂tk
(Mxs)−

(
∂

∂x
Mk

)
s−Mx ∂s

∂tk
+MxMks−MkMxs

=

(
∂

∂tk
Mx − ∂

∂x
Mk

)
s+Mx ∂s

∂tk
−Mx ∂s

∂tk
+MxMks−MkMxs

=

(
∂

∂tk
Mx − ∂

∂x
Mk − (MkMx −MxMk)

)
s

= 0

�

Moreover, we can prove that if ∇ is defined with coefficients which are convergent, then the basis of solutions at 0
are also convergent. More precisely, we have

Theorem C.3. Let K be a Q-algebra complete with respect to a non-archimedean absolute value | · | restricting to a
p-adic absolute value on Q and consider some system of partial differential equations of the form

∂si
∂tk

=

r∑
j=1

mk
i,jsj (C.9)

with mk
i,j ∈ OK [[t1, . . . , tn]]. Then for any solution s = (s1, . . . , sn) to (C.9) converges whenever

|tk| < |p|
1
p−1

for k = 1, . . . , n.
More precisely, if α = (α0, . . . , αn) ∈ V = ⊕iKei is a given initial condition and maxi|αi| = C, the unique

solution
s =

∑
i1,...,in,j

(cji1,...,inej) · t
i1 · · · tin

of (C.9) with initial condition α satisfies

max
j
|cji1,...,in | ≤

|C|
|(i1)!(i2)! · · · (in)!|

Proof. Since everything is K-linear, we can divide s by an appropriate element of K to allow us to assume that |c0| ≤ 1
without affecting convergence, so the components of c0 are in OK . Now, write

s =
∑
I∈Nn

cI · tI , Mk =
∑
I∈Nn

mk
I · tI

with the mk
I ∈ Mr×r(OK). Write I + `k for the multi-index (i1, . . . , ik + `, . . . , in), so ∂tI

∂tk
as ik · tI−1k . We can now

rewrite (C.9) as ∑
I

(ik + 1)cI+1k · tI =
∑

I=J+K

mk
JcKt

I

Thus, it is equivalent to the system of recurrence relations

cI+1k =
1

ik + 1

∑
I=J+K

mk
JcK (C.10)

Now, we show by induction on |I| that

|cI | ≤
1

|I!|
(C.11)

Here, if I = (i1, . . . , in), I! = (i1)! · · · (in)!, and |v| for v =
∑
i αiei ∈ V denotes the sup-norm maxi |αi|. The

case I = 0 is true because |c0| ≤ 1. Now suppose that we have shown (C.11) for all I with |I| ≤ N . Applying the
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non-archimedean property of | · | and the fact that the mk
J have coefficients in OK , taking absolute values of (C.10)

gives us

|cI+1k | =
|I!|

|(I + 1k)!|
max
K≤I
|cK | ≤

|I!|
|(I + 1k)!|

max
|K|≤|I|

1

|K!|
=

1

|(I + 1k)!|
The last equality is due to the fact that if K ≤ I then K! is an integer divisor of I!, and all integers have norm at most 1
in a non-archimedean absolute value. Now, we calculate

|I!| =
∏
k

|ik!| = (|p|)(
∑
k ik)/(p−1)

Thus, if |tk| = Ck|p|
1
p−1 with Ck < 1, we have

|cItI | ≤
∏
k

(|p|
−1
p−1 tk)ik ≤

∏
k

Cikk → 0

Thus, the terms of the series s(t1, . . . , tk) =
∑
I cIt

I go to 0, and therefore the series converges. �
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[9] , Théorème de Lefschetz et critères de dégénérescence de suites spectrales, Inst. Hautes Études Sci. Publ. Math. 35 (1968) (French).
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